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GENERALIZED HOLDER’S INEQUALITY IN ORLICZ
SPACES

IFRONIKA', A.A. MASTA?, M. NUR*#, AND H. CUNAWAN*

ABSTRACT. Orlicz spaces are generalizations of Lebesgue spaces. The
sufficient and necessary conditions for generalized IIélder’s inequality in
Lebesgue spaces and in weak Lebesgue spaces are well known. The aim
of this paper is to present sufficient and necessary conditions for gen-
eralized Holder's inequality in Orlicz spaces and in weak Orlicz spaces,
which are obtained through estimates for characteristic functions of balls
in R".
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1. INTRODUCTION AND PRELIMINARIES

Orlicz spaces are generalizations of Lebesgue spaces which were intro-
duced by Z.W. Birnbaum and W. Orlicz in 1931 [11]. Let us first recall
the definition of Young function. Orlicz spaces, and weak Orlicz spaces. A
function ® : [0,00) — [0,00) is called a Young function if & is convex,
left-continuous, ®{0) = 0, and rlim d(t) = oc.

=300

Let @ be a Young function, we define the Orlicz space Ly(R") to be the

set of measurable functions f: R™ — R such that

®(alf(z)|)de < 0
Jirn

for some a > 0. The Orlicz space Lg(R™) is a Banach space with respect to

the norm
Il fll L,y = inf {b g2 U o f P (l—%) dr < 1}

(see [5, 7]). Note that, if we take an arbitrary f € La(R™), then there exists
b > 0 such that [g. @(mbfﬂ)d;r < 1. If ®(t) := t? for some 1 < p < o
then Lq(R™) = LP(R™). Thus, the Orlicz space Lg(R") can be viewed as a
generalization of Lebesgue space L”(R").

On the other hand, for ® is a Young function, the weak Orlicz space
wLae(R") is the sct of measurable functions f: R — R such that

| fllwLg(rny = inf {b >0: 3L>lgq)u)HT e R": @ > t}' < 1} < 0.
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Remark. Note that [ - ||, (gn) defines a quasi-norm in wLg(R"), and that
(WLy(R"), || - [lwry(mrn)) forms a quasi-Banach space (see (1, 3]).

The relation between Orlicz spaces and weak Orlicz spaces is clear, as
presented in the following theorem.

Theorem 1.1. [3] Let ® be a Young function. Then Lo(R") C wlLe(R")
with

| fllwre®ry < N F1Lg ()
for every f € Ly(R™).

The study of Orlicz spaces and weak Orlicz spaces were widely inves-
tigated during last decades, sce [4, 6, 7, 8, 9, 12]. In 1965, O’Neil [12]
obtained sufficient and necessary conditions for the Holder's inequality in
Orlicz spaces, as in the following theorem.

Theorem 1.2. Let ®; be Young functions and ®;'(s) = inf{r > 0 : &,(r) >
s} fori =1,2,3. Then the following statements are equivalent:
(1) There exists a constant C > 0 such that for all t > 0 we have

o7 (D1 (t) < CRF (1)
(2) There ezists a constant C > 0 such that for all s,t > 0,

(I’g(g) < By (s) + Ba(t).

(3) There exists a constant M > 0 such that
1£9llaymm) < MIfllLy, &o)ll9llL,, 7

for every f € Ly, (R") and g € Lg,(R™).
(4) For cvery f € Lg,(R") and g € Ly,(R™), then fg € Lg,(R™).

In 2016, Masta et al. [10] obtained sufficient and necessary conditions for
the generalized Holder’s inequality in Lebesgue spaces. Related result about
sufficient and necessary conditions for the generalized Hélder’s inequality can
be found in [2].

Motivated by these results, we are interested in studying the sufficient
and necessary conditions for the generalized Hélder’s inequality in Orlicz
spaces and extend the results to weak Orlicz spaces.

The rest of this paper is organized as follows. The main results are pre-
sented in Sections 2. In Section 2, we state the sufficient and necessary
conditions for generalized Holder’s inequality in Orlicz spaces as Theorem
2.1. An analogous result for the weak Orlicz spaces is stated as Theorem
2:6:

To prove our results, we pay attention to the characteristic functions of
balls in R™ and the following lemmas.

Lemma 1.3. [5| Let ® be a Young function and f € Le(R™). If0 <
[ fllLymny < 00, then fjn ® (ﬂ—h&) dr < 1. Furthermore, ||fl|L,,@n) <

Hleg@m)

Lif only if [an ®(f(x))dz < 1.
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Lemma 1.4. (9] Let & be a Young function. If @~ 1(s) := inf{r > 0: &(r) >
s}, then we have the following properties:

(1) @-1(0) = 0.

(2) @ '(s1) < @~ !(s2) for s1 < s2.

(3) (@ 1(s)) <5 <D HD(s)) for 0 < s < 0.

Lemma 1.5. (3, 9] Let ® be a Young function, a € R", and r > 0. Then
1

" (rgramy)

where |B(a,r)| denotes the volume of open ball B(a,r).

IxB(a,r)lLpmr) =

2. REsuLTS AND DISCUSSION

The following theorem presents sufficient and necessary conditions for
generalized Holder’s inequality in Orlicz spaces.

Theorem 2.1. Let m > 2. If ® and ®; are Young functions for i =
L,...,m, then the following statements are equivalent:
(1) There exists a constant C > 0 such that

[Ter ) <cel(y)
i=1

for every t > 0.
(2) There exists a constant C' > 0 such that for allt; >0,i=1,--- ,m,

m
H t; m

¢ tié.— qu’i(ti)'
=1

(3) There exists a constant M > 0 such that

I1%

=1

< M[] I fillzy,®ms

Lg(R™) =l
for every f; € Lg, (R"),i=1,...,m.
m
(4) For every f; € Lg,(R™), then [] fi € La(R™).

=1

Proof. ((1) = (2)) Suppose that (1) hold. Since ® is a Young function and
using Lemma 1.4 we have
m
to< o7 (i) < o7 (3 ()
i=1
fori=1, - ,m. Hence

m m m

[Tt <]Je! (i tbf-(tt-}) <Co~! (Z tI%(t;-))-
i=1 i=1

=1 i=1
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Because @ is increasing and by Lemma 1.4 (3), we have

@(é ﬁt) < q)(qri(i 2.(t)) < icp,-(m.
i=1 1=1 i=1

(3)). Suppose that (2) hold. Let f; be an element of Ly, (R"). B

((2)=(3
Lemma 1.3, we have
fi(z)
P ————— )dr <1,
IR )

Ifill Lo, (mm)
for every ¢ = 1,...,m. On the other hand, we have
|fi(z 1 / L |fil2)l
I < — d dx
./n (mCU |fz|h,, ) e Jgn ( H “fx||.r,,(R" )

i@ )d;c< 1;

- mZ/n ||f:||L.,. (R")

By definition of || - ||, (gn), we conclude that

I+

<mC ][] 1 fill.a, (R7)-
=l g (R)

=1
(4)). Next, it is easy to prove that (3) implies (4). Now, suppose

((3)

that (4) holds, then there exists o > 0 such that

1 1fi)]
/ @(%r)d&: < 1,

! > (), we have

|\f1||r, (R™)
1

By setting M =

13

m

|fi(=)] I1 I fi(x)|
/ q»( == )dx—f @(L—)dazgl.

" AM 131 1 £ill Lo, (R " “
I1f

By definition of Orlicz-norm we have
i=1 g (rm)
Suppose that (3) holds. Take an arbitrary open ball By

—

m

< M fill Ly, (rm)-

i=1

m

((3) = (1))
m

B(0,79) for 79 > 0. Observe that ||xp,l L, = || I] xBo . By using
=1 Ly (R")

Lemma 1.5 we have

1 m m 1
”XBU ”Lq(IR") < ﬂJH ”XBo”Lq, Rr) = A"[H _ L
i= l(b (15'_0[)

= 1
o l(m) i=1
for every open ball By C R™. Since 79 > 0 is arbitrary, we get

[Ter ) <co ()

for every t > 0.
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Remark. For m = 2 Theorem 2.1 reduces to Theorem 1.2. Note that, for

m = 1 Theorem 2.1 may be viewed as inclusion properties of Orlicz spaces
in [8, 9].

Corollary 2.2, Let m > 2. If1 < p,p; < oo fori =1,...,m, then the
following staternents are equivalent:

1 1
() Yimi g =g

@ (11 £

i=1

< I1 I fillwirnys for every f; € LP(R™), i=1,...,m.
Lr(Rr) =1

(3) For every f; € LP+(R"), then [] fi € LP(R").
=1

Proof. The proof that (1) and (2) are equivalent can be found in [2]. Next,
by setting ®(t) := t" and ®;(t) := " for 1 < p,p; < oo in the Theorem 2.1,
we have (2) and (3) are equivalent. a

For weak Orlicz spaces, we also have the suflicient and necessary condi-
tions for generalized Holder’s inequality. To prove the result, we use the
following lemmas.

Lemma 2.3. If f € wLg(R"), then

sup @(f)’{,{. cR": |f($)J

e > ?‘}| |
£>0 f ot (R + €

for every ¢ > 0.

Proof. Let f € wLg(R"). Take an arbitrary ¢ > 0, then there exists b, > 0
such that b, < ”f”wL.[,(]R“) + € and

supCI)(t)Ha: eER": Eéﬂ > t}’ < L

t>0 3

Lf ()l

> 3 e
2 Wl meye Ve oy

Since

f ()
b,

@(t)i{;re R" ﬁ? >tH < @(t)|{;r eR": |f§f'” > t}\g 1

for every ¢ > 0.
By taking supremum over t > 0, we conlude that

()]
sup®(t)|{zeR” ;) ————2
sup 2(1)] = T T sae T ¢

for every e > 0. a

>t}'§1

Lemma 2.4. [3, 9] Let ® be a Young function, a € R™, and r > 0. Then
1
P 1( Bi(ll,r )1

where |B(a,r)| denotes the volume of B(a,r).

H XB(a,r) “wL.p(R“) =



30

Ifronika, A. A. Masta, M. Nura and [1. Gunawan

Lemma 2.5. If f € wLa(R™), then there exists oo > 0 such that

supd’{t)’{xeR“:iEfil >t}‘ <1

t>0

We leave the proof of Lemma 2.5 to the reader. Finaly, we come to the
generalized Holder’s inequality in weak Orlicz spaces as follows.

Theorem 2.6. Let m > 2. If ® and ®; are Young functions for i =
1,...,m, then the following statements are equivalent:
(1) There exists a constant C > 0 such that

ﬁdn-‘l(t) <Co(1)
=1

for every t > 0.
(2) There exists a constant C > 0 such that for all t; > 0,

m

H ti m
i=1
P c < Zt.,[),j(t,‘_).

(3) There exists a constant M > 0 such that

m
< M[[1fillwLe, @

wlae(R™) =1

I1

=1

for every f; € wLe,(R"), i=1,...,m.

(4) For every fi € wLyp (R™), then [] fi € wLy(R™).
i=1

Proof. As before, we have that (1) and (2) are equivalent. We shall prove
that (2) implies (3) and (3) implies (1). Suppose that (2) hold. Let f; €
wLg, (R™). By Lemma 2.3, we have

e — Ly
”fx"mf.q..(R")
I fillwLa, (®n) + :

for every k € N.

m

1 1/:2)

Define Ag(t) := $(t) [ z € R™: >

m
mC I+ lwLg, @)

1=
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tmC l'l D illwLg, @)

i=1

I:Il | fi(z)|

Next by setting tg := , we have

Il (o)1 :(o)

Ag(t) = @ - [{z € R": 1> o}
mC I:Il(l + ) fillwL, ®m)
) ﬁumﬂﬂwn
<_Iq, HzxeR": 1>t}
m CIN1+ M fillwzo, &)
i (to) ™ | fi(x)] .
SE(Z(IH((I i )))H:EER :1 >t}

= + ) fillwrg, e

On the other hand,

(tu)#|fz(x)|
(I)i zeR":1 ;
(ﬂ+ﬁmﬂu““W)Hre -
& | fi(z)| _
R™: ,
{:I‘ € ((1 =k '}le)lft'”wL@‘(R,,)) >1; }

{wER": /()] >t,~H

{1+ %)||fa‘||w1,.pl(na“)

= (I)i( i

where t; ﬁ%‘%LL fori=1,-

lhory, ®n)

This show that

m

],:[1 tO) lfl(

mC H (1+ ]E)“fi“ﬁ:.b.;.i(m“)
1=

Ag(t) = @ {z €R": 1> t}|

7

. I1(to)™|fi()
i=1

™

" C n (1 + ”ft”qu;. (R")

1 (< (to) = | fi(z)] n.
£ = (;@((1 + %)va:Hqu,l(mn))) {z € R™: 1 > ty}]

IA
|
=

H{xeR":1>tp}

IA
—
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Since t > 0 is an arbitrary positive real number, we get

I1 | fi(2)]
sup®(t) |[{ z € R" : 2= st €1
i mC ,Hl(l + %)”fi“ml;q.i(ﬂ”)
1=

By definition of [ - [[,.4(r"), We have

11+

i=1

= T]’lC 1 + 'm H Hf:”qu, (R")-

wlg(R™)

For k — oo, we have (1 + %)m — 1. Hence we conclude that

m

11+

i=1

m
<mC [ fillwee, ®m)-

wL@(R") i=1

((3) < (4)). Next, it is easy to see that (3) implies (4). Now, supppose
that (4) holds, by using Lemma 2.5, there exists a > 0 such that

T

[ Ifi(z)
supdEj[{ze R B s} <1
t>0 ¥
By setting M := —%—— > 0, we have
l:[l illwrg, R7)
[T 1fil=)] [ 1fi(=
sup®(t) [{z€R": — = ————— >t 3| =supd(t) [ z € R": “‘T >ty <1,
0 M T 1 fillwry, ®m) =0
i=1
m m
By definition of |||z (rn), we have || [T fi <MI]] ”fi”wL‘b‘(Rn).
i=1 wlLg(R™) =1

Thus (2) implies (3).
Suppose now that (3) holds. Take an arbitrary open ball By := B(0,79)

m

for 7o > 0. Observe that |xg,llwi,@m~y = || X80 By using
i=1

wle(R™)
Lemma 2.4, we have

1

- H)(Bn“wLM]R”) <M l_[ ”XB()“:ULq,. (Rm) = =M H
CP"]i L ) i=1 &, ‘ 3 |
By By

for every open ball By € R™. Since 79 > 0 is arbitrary, we get

m

[Te ) < Mo~

i=1
for every t > 0. Hence (3) implies (1), and we are done. O

Corollary 2.7. Let m > 2. If1 < p,p; < oo fori = 1,...,m, then the
following statements are equivalent:

(1) 325, 51: = %
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m

fi

i=1

m
< T Wfillwrrimny, for every fi € wLPi(R™), 2= 1,...,m.
WL;J(]Rn} i=1

(3) For every fi € wLP«(R™), then [] fi € wLP(R").

=1
Proof. The proof that (1) and (2) can be found in [2]. Next, by sctting
®(t) = tP and ®;(t) = t” for 1 < p, p; < o¢ in the Theorem 2.6, we have (2)
and (3) are equivalent. a

(2)

3. CoNCLUDINGS REMARKS

We have shown sufficient and necessary conditions for the generalized
Holder’s inequality in Orlicz spaces and in weak Orlicz spaces. From The-
orems 2.1 and 2.6, we see that both generalized Holder’s inequality in Or-
licz spaces and in weak Orlicz spaces are equivalent to the same condition,

namcly ﬁ d7H(t) < CP7(1).
i=1
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