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Abstract: The aim of this paper is to investigate completness of A that equipped with usual norm on
p-summable sequences space where A is subspace in p-summable sequences space and 1 < p < co. We
also introduce a new inner product on A and prove completness of A using a new norm that corresponds
this new inner product. Moreover, we discuss the angle between two vectors and two subspaces in A.
In particular, we discuss the angle between |-dimensional subspace and (s — 1)-dimensional subspace
where s > 2 of A.
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1. Introduction

g3 In an inner product space, we can calculate angles between (wo subspaces. Let (X, (-.-)) be a
g8al inner product space. If U = spanfg| is a 1-dimensional subspace and V = span {v;,--- , v}

is a r-dimensional subspace of X, then the angle between subspaces U and V is defined by 6 with
0<@< % and cos’ 8 = l—:‘—:"g‘l-';'.-%? In form*. uy denotes the (orthogonal) projection of u on V and
| = ¢-,-)*. Gunawan et al. [3] show that the value of cos# is equal to the ratio between the length
of the projection of v on V and the length of u (cos2 0= %E'-) Likewise, if U = span {u, wy, -+ ,w,)
and V = span {v, w,, -+ ,w,) are s-dimensional subspaces of X that intersects on (s ~ 1)-dimensional
subspace W = span {w», -E8 »:r,l with s = 2 then the angle between [/ dan V is defined by # with
0<6<3andcos’d = ﬁ'ﬁ!‘)@ wibu{v, vy are the orthogonal complement of u and v, respectively,
on W. Gunawan et al. [3] show that the value of €08 is equal to the ratio between e volume of the
s-dimensional parallelepiped spanned by the projection of u, w1, - ,w, on V and the volume of the
s-dignensional parallelepiped spanned by w. w,, - -, w..

Now suppose (X, [|1{]) is a normed space. As it is known, not all normed spaces are inner product
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3

L
spaces. For instance, the space f"&)r 1 € p < oo with norm lellp D anI”}P is not an inner product

space except for p = 2 (see [6]). Koncaetal. (5] defge a (weighted) inner (-,-), Om £” where
2 < p < oo, but (£7,4-,+),) is not Banach space. They aimﬁndthﬂtlnmpmbamu:maﬂydeﬂned
on a larger space namely £, , that contains {” and ({1, {-,-),) is Banach space. More recent works may
be found in [4,8,12]

Now supp@§e (A.[|-}) is a normed space where A is subspace of X . Two questions arise: What are
A complete? Can we define a norm on A which satisfies the parallelogram law? The reason why we
are interested in the parallelogram law is because we eventually wish to define an inner , 50
that we can dchnc angle between two subspaces and ma rn nons on thls space. ']m
of the angle be has been studied intensively,
see [1,2,7,9- ll]

Let (£7,]]ll,) be a normed space and A is subspace in {7 for | < p < co. In this paper, we discuss
completness of A that equipped with usual norm on £7. We also introduce a new inner product (-, ), , on

: b4 ; 5 ;
A such that (A, ||-t|,,‘2) is complete where ||d|,, = ((x. x)m)' denotes the induced normin A. Motivated
by this fact, we shall discuss the angle between two subspaces in A.

NN Ry o By

s and two subspaces i

2. Main results

2.1. The completness of subspaces on ("

| -] &1 o Jam— | be linearly independent set on {7 for 1 < p < co. Define A = span [x,..., x,}. Then
we observe that (A. II-IL,) is a subspace of ([". I, [6], we know that {7 is B_anach space. Here, A
will be proved as Banach space. Before this result L

T S—

C': Y a; where ay,...,a, € R.

i i=1
(a) If sign(a,) = sign(C) for j=1,..., n then the equality

raf+ (1= na;+ ) af = IC]

)

holds for some 1 € (0, 1). 0|
(b) If sign(a;) = —sign(C) for,

“ull then the &

|ra j % (r%l)i’,ﬁia; =

i=]
i#]

holds for some t € (0, 1).
Proof. (a) Without loss of generality, writing j = 1. Suppose that sign(a,) = sign(C). Choose r € (0, 1)
such that .
D=(1-Na+) a.
i=2

AIMS Mathematics Volume 7, Issue 2, 2810-2819.
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and sign(D) = sign(C). We can write C = fa, + D. Hence, |C| = [ta)| + |D|.
(b) Without loss of generality, writing j = 1 and sign(C) = 1. Suppose that sign(a)) = -sign(C).
Choose t € (0, 1) such that

C = -ty +(1+0a +Za.-

= -—la, +E

and sign(£) = sign(C). We observe that C, —ta,, E are positive real. Hence, we can write |C]
[ta;| + |E|.

Using bemnh"., 1, We shall now show that (A. JHI,,) is Banach space.

Theorem 2.2. Let {x,,...,x,} be linearly independent set on (" where 1 < p < co. If A
spanix,, ..., x,} then (A. II-H,,) is Banach space. '

Proof. We consider any Cauchy sequence (y;) in A, writing yi = @y x) + QX3 + ... + @, X,. Since (v)
is Cauchy sequence, we have for every € > 0 there exist N, such that

i(ﬂ’h_ﬂ’ﬁ)x‘

i=1

" Iy
[Z ] 24

j=1

I

Iy = vl

p

Z": (@ — @) &

i=1

i

for all k,{ > N,. It follows that forevery j = 1,2,... we have

n

E(ﬂ’h —ap)
=1

< €.

Case 1. For some i :: L sign(}: (i — ar,,-){,,-) = sign(ay; — ay;) §j; holds. By Lemma 1, we can
i=]
find ¢ € (0, 1) such that |r (ay; — ay) §j| < €.

Case 2. For some i = 1,-++ ,n, sign i (o —m,)(,,) = sign (ay; — o) £, holds. By Lemnf@1, we can

=1
find t € (0, 1) such that |t (a; - an) & < €. o
So, we obtain Ir{,,l l(aw —ap)l < € forallk,! > N,. Thus, foreach fixedi€ (1,..., n), (ay;) is a Cauchy
sequence of real numbers. Hence, it is convergent, say o, — «; a8 k — co. Now, we can view that
a = (ay,...,a,) and we define y := ax; + ...+ a,X,. lts obvious that v € A. Because a, converge to
a then y; converge y. Hence, (A, 11+l ,,) is Banach Space. =]

Next, we discuss a new inner product in ¥ and prove that A with the new inner product is Hilbert

space. Write b = )!'_ |x;l. We define a following mapping
i=1

(3 2hya 1= be’zym (2.1
k=1

AIMS Mathematics Volume 7, Issue 2, 2810-2819.
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for every v,z € {7. Using Holder’s inequality, we have

o , o0 %2 oo f.' o« #

~ Sy - P P
pot e s[Srl”[Sf [
k=1 k=t k=1 kel

Hence, the mapping (-, ), , is defined on ¢”. Next, we have the following proposition.
Proposition 2.3, The mapping (-, ), , in (2.1) defines an inner product on £’.

Proof. For every y.z,w € {7, we will verify that (-, -), » satisfies the four properties of an inner product.

1) Since 3577 > 0, we have (,y), > 0.
k=1

Next, we show that (y, ), , = 0 if only if y = 0. Suppose that v = 0, then

(0,02 = bezo =0.
k=1

Conversely, if {y, ¥}, , = 0, then Ebfzyf = 0. Since b # 0, we obtain y = 0.
=

2) Observe that

-2 -2
>y = be Ve = ) b Tz = (0 2y, -
k=1

k=1

3) Observe that

-
-2
(@, 24y = be anu = @y, 2,
k=1

4) Observe that

zbfzn(a +wi)

Lz +w),,

k=1
oo o
2 -2
= D na
k=1 k=1

2+ Wy .

Therefore {-,-), , defines an inner product on {”.

Corollary 2.4. The following function

- y
Il = Izbrl¥i] (2.2)

defines a norm that mmwmﬂ.am sduct {:, Yy >

AIMS Mathematics Volume 7, Issue 2. 2810-2819.
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Using a_gorm that g onds to | - pro 4.2, we have the following result.
Theorem me r ||Hpjkmmplete Accordingly, tA (, )L’ s a Hilbe)

consider any Cauchy sequence (v¢) in A, writing vy = aux; + ... + ay,X, and a; =

(u“ ; < :r;,,) Since y; is Cauchy, for every e > 0 there is an N, such that for all k >N,
[17]
v =yl = - ) X;
o n i
= Z be_z ((“h‘ - ﬂ’h){:ij). <€,
=i o=l

It follows that for every j = 1,2,... we have

. 2
bi-' 2 Z (g’,jﬂ’h el _[,'j(!;,‘) < 62.
i=1
So, we obtain |;,,|b P g = —ay| < e for all k,I > N,. Thus, for each fixed i € {1,...,n}, (ay) i8 @
Cauchy sequence of real numbers. Hence, it is convergent, say ai, — a; as k — oo. Norw we can view
that @ = (ay,..., a,) and we define y := @ x| +... + a,x,. Its obvious that y € A. Because a; converge
to a then y, converge y. Hence, (A. !l'lh,_g) is complete. u]

2.2. Angle betweeen two gubspaces on A

We know that (A. () span {x,,--- ,x,} and, as before, {x,--- ,x,)
is a linearly independent set on (7. Using the Gram-Schmidt process, we have an ortmmrmai set
[¥1,+ =, ¥u). As a consequence, span{x;, -+, x,] = span {y,, -+ ,y,). For every u,v € A, we can write

u =@ cyiand v =Y diy; where ¢;,d; € R for every i = 1,...,n. Moreover,
=l =l

(:Z Ci¥is Zd,-y,)h z

Because ()ﬁ;—,yj}b ,=0fori# jand (y, v}, = Iy, then

> cidi il

i=]
n

D = (ed),

(U, V)2

1}

(U, VYpa

« \1
withe =(c1.--- ,c,) and d = (d,.- - .d,). If u = v, then [lul|, » :(E (-,2) ;

i=

AIMS Mathematics Volume 7, Issue 2, 2810-2819.
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According to the above form, we conclude that an inner product on A can be viewed as the inner
product of the Euclidean space R”. Hence, an explisit formula of the angle between u and v of A,
denoted £, is given by

n

Z cid;

(Eaia)
=1 =1

Note that the angle between two vectors of A is also the angle between two lines of A. Moreover, the
angle between two vectors of A coincides with the angle between two vectors of R”.

cosfl =

Example 2.6. Let A = span (x;.---, x5} with {x,ff§ - , x5} be the orthonormal set on (*. Ifu = x, +
2x; + 3xs+ 4xs and v = x5 + 3x3 + 51 + 2x5 then the angle between u and v of A is

cosé = ..—....2.-...5—....- = _..Zi
(30.39)F 34,2

Next, we can discuss angle between l-dimensional subspace and (n — 1)-dimensional subspace
where n > 2 of A. The result is shown as follows.

Proposition 2.7. If U = span|x,) where k = 1,....n and V = span{x,uy ..., X, u) where
lia(k), ... iy(K)) = (1,2,....n} = {k} of A, then the angle between subspaces U and V is 8 (0 < 6 < 3)

with | ;
cos’6 Z (x.\,y,-)b_z :

= 3
Wxellba jen -

Proof. Without loss of generality, write k = 1. Using the Gram-Schmidt process, we have an
orthonormal set {y2, -+, v,}. As a consequence, span [xs,- -, x,} = span {y;,---,v,). The projection
of x; on V is given by

Then, we have

(< g =

Md‘j’%yi* ? ixl’yjyhzyj)
- b2

2. 2. k), , oy (vien),

n

=2 i=1

N 2
= Z(Ig._\g)” :

=2

Hence, we obtain

”

v 2 n
OSI 9= ||'r| "b,: _ I Z (xn _\r'j);.z ‘

2 T 2
"-rlltf.;! ”leb.z =2

=]

AIMS Mathematics Volume 7, Issue 2, 2810-2819.
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Example 2.8. Let A = span (x;, x;, x3} with {x|, x5, x;} be the orthonormal set in f'. Take n =
(1,0,0,0,.. 3, x = (0,1,0,0... ) and x3 = (0,0,1,0. .. ), so that we have b = (1, 1,1,0,...). Clearly
Ixills = 1, (x1,x2)35 = 0 and (x;, x3);, = 0. If U = span{x;} and V = span{xy, x3) of A then angle
between U and V is @ with

|
cos’f =

I(.\'], I:)i‘z + (-xl' x})?,gl

l1xill5.2
=Q.

Hence 8 = 3.

Before we can discuss an
= span {x,,- -, X,}, we recall € two subspace

( spﬁce as follows.
Definition 2.9. [3] Let (X,{-,-}) be a rcal innegfjproduct space. If U = span (u,,..., u) is a t-
.mensiona] subspace and V = span {v,,...,v,} is a s-dimensional subspace of X witht < s, then
the angle between subspaces U and V is defined by # (0 < ¢ < §) and

et

3
Heaps .. wall

cos’f =

where 1! denote the projection of 1;; on V foreachi = 1,...,1

Using Definition 2.9, we have the following theorem.

'ﬂlﬂl‘lm 210. If U = spanix,,.... %, ) is any -dimeffonal subspace and V = span{x, 1, ..., xq) is
a (n—ny)-dimensional subspace of A withn, < 3, then the angle between subspaces U and V is defined
by 8 and

o det([x (e il
cos 6 =

det (i(x. 1,),,1)
where [{x;, y1),,] is a (ny X (n — m)) matrix and [{x;, _v,),,‘llr is its transpose fori, j=1,..., ny.
Proof. Suppose that {x, i, ..., X} is linearly independent. Using the Gram-Schmidt process, we

obtain the orthonormal set {y, .1,...,Y}. Here span {x,,i,...,x,} = span {y,41....,)a}. For each
i = 1....m, the projection of x; on V is given by

n
.
X; = Z (X ¥dpa ¥

T=ny +1
So,fori.j=1,.... n,, we have
"
VoV _ . G . o ,
(x, xf),n = (x"xj)m —(x,, Z (X")')b.z-“)
I=ny+1 b2
n
= Z {Xis Ydb2 (xf" ”)6.2 :
=my+ |

AIMS Mathematics Volume 7, Issue 2, 2810-2819.
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Next, using formula angle in [3], we obtain

Hy

e P -dct{Z(\,,w)“ 5oy,

where [(x;, w),52] s a (ny X (n = n;)) matrix and [(.r.-,_w),,.llr is its transpose. Therefore, cosine of the
angle between U and V is

= det([(xi, Y2 (xis 521"

. det ([(Is,}‘r) 5 [(-T-'-)‘rh.z}r)

cos™ 0 = det (‘(“?"'*3)52’)

where {(x,-, xj)r' is @ (n, X m) matrix.

Negj. we dxscuss angle between two subspaces that intersects on a subspace of A. Write A

and V are subspaée on A C £°. Moreover, using Deﬁmuon 2.9, we have angle between U and V as
follows.

}is a (ny + }i)g)-dimensianal subspace and
; : Xnpang+ns) 15 @ (ny + n3)-dimensiona space of A with ny £ ny
that mrervecr.s on n;»dimemmrml subspace W = span{xy,--+ , x| then mmgk ‘between subspaces
U and V is defined by 8 with

det l((x,-v s (‘x:).‘i’)hl]

o [((x,—)‘ : (xj)ﬁ">b.1

7
cos“f =

where (x} Yy, (x} ). (xi)y, and (x;)y, are the orthogonal complement of u!, uY, u; and u;, respectively.
onWfori,j=n+1,....m +na

Proof. The pmjeclion of x; on Vis x¥. Next, we may write x}' = (x})w + (x)); where (x))w is the
projection of x} on W and (x¥)3, is the orthogonal complement of x!" on W. In line with this, we may
write x; = ( x,)“ +(x7)y where (x;)w is the projection of x; on W and (x;)y, is the orthogonal complement
of x;on W fori = ny +1,...,n; + ny. Using the standard (n; + n,)-norm and properties of determinans,
we obtain

P A |
(55 s oS
G G R C AR G
18 R Dy + (B - () + i
g x,,lll ll( 1+.)* x,‘.’ﬂ,)wil

AIMS Mathematics Volume 7, Issue 2, 2810-2819.
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“(\'r]_'_'):'vq “eay (xa:’ﬁnz):i’”!
"(x,.,u  —— (-xmnz);'nz
det {((xf),*v. (J:;’)ty)u]
det l((‘,)Lw- (x} ););Q' .

with |((.t:");., (.rr);)ml and [((x,),*v. (.r,);,‘v)h_zl are (ny X n2) matrix. o

3. Conclusions

Based result has been given on the Sections 2, we have known that A that equipped with usual norm
on {” is complete. We have introduced (-, -),> on A and have shown that (A. il-llb,z) is complete. Next,
we have got angle between two vectors and between 1-dimensional subspace and (s — 1)-dimensional
subspace where 5 > 2 of A. Moreover, we have got angle between two subspaces that intersects on a
subspace of A,
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