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Abstract. We introduce a new 2-norm E& normed gpace using a semi-inner product g on
the space. Using this 2-norm, we propose a formula for the g-angle between 2-dimensional
subspaces in the space. Our formula serves as a revision of the one proposed by Nur et al.
(Beitr. Algebra Geom. 59(1):133- 143, 2018).
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1. Introduction

@831 inner product space (X, (-, -} ), we can calculate the angle A(r,y) between
two nonzero vectors  and y in X via the formula A(x,y) := “ﬁ-ﬁ’yi“ where

|| === (r,r)’i‘ denotes the induced norm in X. In 2005, Gunawan et al. 8]
presented a formula for the angle between an n-dimensional subspace and an
m-dimensional subspace of X (with m > n) by using the so-called standard
n-norm on X.

Here we shall formulate the angle between 2-dimensi subspaces of a
normed space, using a semi-inner product on the space. Let (X, }}< ) be a
normed space. The functional g : X? — R defined by the formula

1 e
9@y = 5 Il [relEiyd + 7= (&)
with

» e+ tyll - Il
) = lim = ——
clearly satisfies the following properties:
(1) g(z,z) = ||z||? f.eyer_v zeX; _
(2) glax,by) = ab- g(z,y) for every !:;{:E_x and a.b € R;

™ Birkhauser
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(3) glz, = llz]|> + g(x,y) for every z,y € X
(4) lg(z.yl S 111'H llll  for ewr.v ry€eX.
If, in addition, the functional g(z,y) is linear in y, then g Eﬂﬁa semi-
inner product on X. For example, the functional

g(&.y) = |27 Y 6P~ sgn (€ me 7= (&) y = (m) € P,

is a semi-inner product on % (1 < p < oc) [5,10]. Note that on an inner
product e, the functional g(x,y) is identical with the inner product (-, ).

qug?"” ner product g on X, many researchers have studied the g-
angle between two vectors, see, for example [1,10.13,14]. Recently, Nur et al.
[15] investigated the g-angle between two subspaces of X . If U = span{u} isa 1-
dimensional subspace and V = span{v;,.... v, } is an m-dimensional subspace
of X with m > 1. then the q—rmgle between U/ and V is defined by A, (U, V)
with cos? A (U.V) = Hﬁ'i- In this formula, uy denotes the g-orthogonal
projection of u on V. Likewise, if U = span{u,, uy} is a 2-dimensional subspace
and V = span{v,,...,v,,} is an m-dimensional subspace of X with m > 2,
then the g-angle between I/ and V is defined by cos? A (U, V) = %’%%—ﬁ
where u;v's denote the g-orthogonal projections of u;'s on V, wit,l; § = s
This formula, however, depends on the choice of the basis for U, which is
undesirable.

In this m'tq“'e will define a new 2-

g. Recall that norm on a real vector
llwhdx ! '

(1) fl=,ull I\M‘ Wif z,y are
2y _g“ is invariant under permutation:

(3) ||a:l:,yﬂ = la ﬁ.x, y] for every :e,y- and for every a € R:

( ) 2,y + 2 < llz.ylf + i, 2]l for every 7.y, 2 € X.
The pair (X, [l |} is called a 2-normed space. Geometrically, ||z, y|| may g
cted as the area of the 2 dmmal pa.rallvleplpod spanned by x and
- thy normec Gililér (3]. Recent

-

re.sults can befound for exdmple m [2() 7] "
Using a 2-norm, we will formulate the g-angle between two 2-dimensional

subspaces of X, which serves as a revision of the formula derived in [15].

2. Main results

2.1. A new 2-norm

In this section, we will pregfjt a new 2-norm on a real normed space (X, || -]]).
{Unless otherwise stated, we shall always assume that X is a normed space.)
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Let g(-,-) be a semi-inner product on X. We define the mapping ||, ||, on X
by

9. x1) 9(yas 1) | (1)
v, eX.lw; 1< 190, 72) 9Gn, 72)
The following fact tells us that the introduction of |-, -||; makes sense.
Fact 2.1. The inequality

I|1'1‘17211,, =

16
lle1,x2lfy < 2flzy s
holds for every x1,29 € X.
Pmof. Let yy,y; € X with |[y;|| € 1 and ||y;]] € 1. By the triangle inequality
for real numbers, we h
90n. 71 )g(yawa) = gl ®)gli . =) < 2izflflzll.
Hence, |21, 23]l < 2|z [jfl=2 - O
Moreover, we have the following result.

Proposition 2.2. The mapping (1) defines a 2-norm on X.
Proof. We need to check that ||, .||, satisfies the four properties of a 2-norm.
1. Let #; = kz, with k € R. Observe that
9(n. @) 9(y2, 71)
9. 22) g(y2. 22)|

Hence, |i::;,.tgﬂy = 0. Conversely, if Hx;,:r,gﬁs = 0, then the rows of the
matrix T

< 1. This happens

2. By usmg propomeq of determinants, we obtain [lxy, x5l = {|lx2, 2.l

3. Let a € R. Using properties of determinants and the supremmn we
obtain [laz1, z21l, = la] 21,721l

4. Observe that for arbitrary r;.r;,z € X, we obtain

.29 + zllg

g(y1.x1) gly2. 1)

= sup _ X
weX i< Y2, T2 F

= sup :_‘g
vEX Iy <1 g

< sup sup : 171)
v EX g, <1 gln. x2) glya. 12) w,€X Jy, <1 gf‘yl--’:’ (2. 2)

= |lzy, x|, + |20, 2l -
q g
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This completes the proof. O
For an inner product space, ﬁ ave the following fact.

Fact 2.3. Let (X, {:,)) be a real inner product gpace. The two formulas for
lI.-lly in (1) and for ||-,-||, with

(x1,71) (1, 29) :

Iy, Il =
lzy, zalls (ro,x1) (r2,12)

for every x,,xy € X are identical.

Proof. On the inner product space X, the semi-inner product g(-, -) is identical
with the inner product (-, -). Therefore,

{y1, 1) {y1,x2)

”Il'n”y - i <y2-11) {ya, 22} |

nEX fu i<l

By applying the generalized Cauchy Schwarz inequality [11] and Hadamard's
inequality (4], we obtain

lxy, 22, € sup
v, €X Jly, I <1

Conversely, we assume now that {z,,z,} are linearly independent. By using
the Gram- Srﬂt process, we have that {T;l ?g‘} are orthogona] Moreover,

llxy.z2lls = oyl = Htﬂﬁ,ﬁﬂ If y, = 7y and ,,—J—,,~ then {3l =1
and |y = 1. N’oxt using tho proportwq of the inner prodnct and determi-
nants

il mnq = “

5 thon ]I

Note that @ an inner product space we have a better inequality for Fact
2.1, namely ||ry,xal; < ||zi}lllz2]l. This is Hadamard's inequality for n = 2
[4].

2.2. The g-angle between 2-dimensional subspaces

Here, using the 2-norm ||-, -||,, we will formulate the g-angle between 2-dimensi-
onal subspaces of X. First, we recall the definition of the g-orthogonal projec-
tion of u on a subspace of X as follows.
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Definition 2.4. [12] Let u be a vector of X and S = span{xy.,...,x,} be a
subspace of X, with I'(xy,...,r,) = det|[g(z;. )] # 0. (This additional con-
dition is added becanse it does not always follow from the condition of the
linear independence.) The g-orthogonal projection of u on S, denoted by ug,
is defined by

0 1 Iy
L 1 glxy,u) ﬁm) igla2a)
R el : 0w, 1P
g(zh.‘u) y‘(xfh;r') g(xﬂ.--fn)

and its g-orthogonal complement v — ug is given by

u—ug =

r(#.....o0) | - V-
g, ) G 1) - 9 (B, 7)

Note that the notation of the determinant | - | here has a special meaning
becanse the elements of the matrix are not in the same field.

Let {7 and V' be subspaces of X. Take arbitrary vy, us € U and o, 7 € R.
Using properties of determinants and the semi-inner product, we have (au, +
Jua)y = auyy + SBugy. Hence, the g-orthogonal projection of I/ on V is a
linear transformation from U to V.

Next, let xy....,r, € X be a finite sequence of linearly independent vec-
tors. We can construct a left g-orthonormal sequencery, . .., x, withrj := [I%ﬁ
and

Iy — (‘Tk]b’k_.

rp = ——— 2
A PR P

where Sk = span {z},.. agiy ) Note that span
{z1,....7_,} =span{z1,..., 71} foreach k=2,..., n, and that = 1, x}
fork,l=1,..., nwith k < (see [9,12]). We also observe that I'(z]....,z;_,) =

1foreach k =2,....n.
From the properties of the 2-norm and the g-orthogonal projection, h

Len 5 0 ¢ 3} and ¥ = span{Bjilg} are 2-dimensional
subspaces of X, where {vy,va} is left g-orthonormal, then

g(vi,u1) glvy, uz)
g(va,uy) g(va, uz)

gl ) glyz.wav)
glyr.uav) glya, uav)

l gy, v1) glya, 1)
gl va) g(ya, v2)

for every yy, i € X.
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Proof. If {vi.v2} is left g-orthonormal, then I'{v),v2} = 1. Consequently,

0 y(yJ' ) g(y;,v2)
glv,w) 1 0
g(va,ui) g(v2,1n) 1

g(yj‘ ujy) = —

for i, j = 1,2. By using the properties of determinants, we obtain

’9(9‘1- uv) glyz, way)
gly1,uzav) glyz, usv)

0 glin.m) Q(SIF) 0 glyz, 1) glyz.v2)
= |g(vi.u) 1 Bvi . g 1 0
1) 1 g(vz, uz) glve, v1) 1

i(vz- m 2

0 ¥ ) §E v

=@, . v) I 0
gl | g2, u2) g(vg, 1) 1
= (-g(n,m) 2)g( vy, )g(va, v1) = g(y, va)g(va. w))
(=g(y2, 1) : L Jg(va, v1) — gly2, v2)g(va, uz))
- (—g(y2 v1. u1) + g(yz. v2) g( U uadg{es. v1) = g(y2. ¥2)g(ba, v1))

‘ i yl-.(t'l-uz)gtvz--'t)ﬂg‘u)gfm. uz))
= g(m.v1)g(yz va) glogmn )g (e, us £ 9(y:, 82)g(12. v1) up)

d(yl-vz )g(ya. v1)g(ey,urdglve. va) — gy . mi)g(va, v2)g (2. w1)g(vr, us)

= s{mlua}ﬂvx,w) ‘ 90, v1) 9(ya. 1) gy, v1) glyz. v)

ol v) glum, ve) | ~ 9o 12)9(v2 1) g(yi.v2) gy, 2)

Hence,

gy wy) glyz, uy )| _ |y(i'1~ ) g(visuz) | | 9(yr, 1) glya,v1) |
gl uzv) glyz, uav)| | glva,ur) glva. ua) || g(un. v2) gly2,va)
This proves the lemma. O

Let us now define the g-angle between the 2-dimensional subspace [/ =
span{u;,u,} and the 2-dimensional subspace V of X by
lury , wav |2

llur, uall3 sup o}, vzl
span{ vy vy }=V

cos? A, (U, V) := (3)

where u;y's denote the g-orthogonal projections of u;'s on V' with i = 1,2,
and {v{, vy} being the left g-orthonormal set obtained from {vy, vy }.

Remark 2.6. On an inner product space, the definition of the g-angle in (3) is
identical with the angle defined in [8], namely

2
Uy, u2yv
cos® Ay(U,V) = M

llwy. gl
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R(’mar‘.@?. Let {1'1‘ va}be nd

and 1), = ~ £ E vy, then

3 that spans V.

‘ i g ; =1
1~“2 s hft q—orthogonal Likewise, 1f wy =

w§_} is also left g-orthogonal. Using
&%’w trJH‘ = ]iw{ w|g. But, in
general, ||v, v3llg # llw]. w3y, where v} T"T and w; WT with i = 1,2.
For instance, take v; = (1,0,0,...) and v; = (1,1,0,.. .) in /' with the usual
semi-inner product g. If v; = v, and vy =g — L2y = (0,1,0,...), then

ll..

vy and wj "35:.151 = H-H'Tl‘-?—lvg then

properties of the 2-norm, we obtain ||}

l|12|| = 1. Next, if w; = vz and wh = v, — ﬂ‘i’—'"ﬁt' =(5 -3.0....), then
| . Hence ||§§, v3||, # ||lf, llg- Here we only change the order
of the basis for V. Consider if we change the basis with another. This explains
why we have the supremum term in the formula.

According to the following theorem, the definition of the g-angle in (3)
makes sense.

Theorem 2.8. The rutio on ge hand side of (3) is a number in [0,1] and
15 independent of the choice of o baSi§]

Proof. Let { } be & linearly independent set that spans V. Usin
process in (2), we obta:n the left g-orthonormal set {v].v3}. Notice
1, v5}. Using Lemma 2.5 and the definition of |-,

in (1), we have

Q(I'I ul)g(";*“fl) ”l.'- l'-‘”
g(v3.u) gv3, ug)| 120

Since |[v]]| = 1 for i = 1,2, we have

v ey, = |

g(vi,u1) g(vf, uz)
gl(vy.uy) g(vs. ug)

g&‘ul) 9(y2,u1)
< uz) g(y2, uz)
' gllg

sup flw.owll,
S span{w; uq}=V

el el

v uavll, = ‘

so that
flury, U'.n-'“g

llur, uzll, sup wy, will,
span{wy . wa}=V

Secondly, note that the g-orthogonal projections of u;’s on V' are independent
of the choice of the basis for V' [12]. Moreover, since the g-orthogonal projection
of /' on V is a linear transformation from U to V., the ratio of (3) is also
invariant under every change of the basis for /. Indeed, the ratio is unchanged




316 M. Nur. H. GUNAWAN AEM

if we swap wu) and uy, replace uy with uy + auz, replace u; with au, or uy with
auy where a # 0. The proof is complete. 0

3. Concluding remarks

The formula (3) can be used to compute the g-angle between two subspaces of
(7 as follows. Let {v1,...,vn} be a linearly independent set that spans V in
(7. Using the process in (2), we obtain the left g-orthonormal set {v},... v}, }.
Here span {vq...., ty, } = span {v},....v);, }. Hence, for i = 1,2,

glvivf) - glvn,. o) o

y(ﬂi u;)

Uy = — - = . . .
. B . y(":*“r.n) g(l':".t“;"} l':'n
g(r',‘". u;) gluy, ,vy) - glun,.vn) g(vi.u;g) - glvy,, u) 0

Substituting g(vi.v;) = i[5 7" X lvg,, [P~ sgn(vg;, Jvf,, . we obtain
Jk

uyy = —z Z]l'” “lsgn UU"‘)

- -
vlJ] e "lJ,“ L
—— p—1 - : ' :
x |l'm_p|| sg'l(llrrle) & ;
miv " Vg, U
“Ul LR u,-im 0
Using this formula can compute the value of the g-angle between two

subspaces [/ = spa g} and V = span{eg,m} of 7 for 1 < p < x.
For instance, in £2, let U = spaua,ug} and V = span{e;, w2} with u; =

(1.1.2,0.... ) up = (2.1,3.0,... ). ¥y = (1,0,0.0. . ..), and g3 ={0;1.0,0....).

We obtain u;y = (1,1,0,0, ... ) and upy = (2,1,0,0.0,... ). Moreover, ||u,|| =

VG, |luall = VI, fluivll = V2, and Jjuav|| = 5. Observe that
sup flwg, willy = |lw},w3|l, = 1. Next

span{wuy wyg}=V

fmiv, uav|ly = v, uavll, = V10 -9 =1

and

flur w2 |l, = flur, ualf, = V84 — 81 = V3.

Thus cos® A (U, V) = 4, so that A, (U, V) = arccos(3v/3).
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