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Abstract: The problem of asymptotic stability for some M control

mm.nﬁw degree GEENE system B well defined, with relative degree
being 1 and n ~ 1, n i§ the dithensitn of the systeém. is addressed in this paper, To
solve the problem, we will design an input control. For the design of input controls,
the system will be transformed through partial feedback linearization such that the
zero dynamic of the system with respect to a new state is asymptotically stable and
the new state is a linear combination of state variables.
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1 Introduction

In the analysis for nonlinear control systems, there is no general method which can be
applied to any nonlinear control system in designing the control input for solving the
stability problems. Therefore, in general, the researchers describe some particular non-
linear classes only. Recently. stability problems for nonlinear control systems have been
intensively investigated. J. Naiborhu and K. Shimizu 1| proposed a dynamic feedback
control for the asymptotic stability of a nonlinear class, where its unforced dynamic is
nsymptotically stable. In 2004, P. Chen et al. 2} and L. Dino et al. 13} intreduced the
problem of stability throngh system transformation, where the transformation of the
system is made throngh dynamic feedback. One of popular methods for solving stability
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problems is the input-output linearization method. Some researchers studied the stabil-
ity problems of a nonlinear control system using the input-output linearization method,
for example, Ricardo Marino and Patrizio Tomei 4] discussed the stability of a lower
triangular nonlinear control system. Its stability control was the dynamic feedback of
order n + 2(r — 1) (n is the system order, r is the relative degree). Results on stabiliza-
tion of nonlinear lower triangular systems with uncertainties in the ontput feedback form
have been presented in 5| and [6. In 7|, J. Naiborhu et al. discussed the asymptotic
stability problem for a nonlinear class, where its control's design used exact linedfffea-
tion. Furthermore, in |8, the authors have addressed the problem of stabilization
class of nonlinear control systems with the rclative degree of em being not well
defined. Then, in 9|, the authors have introduced the problem of stabilization for a class
of nonlinear systems with uncertainty. &

In this paper, we mveatlgnte asymptotic stability of some of affine nonlinear
control systems, with degrees of the system being | andn — 1. For the design
of input controls, the system will be transformed through partial feedback linearization.

, Problem Formulation
(1) = fi(z(®) + f2(x(t))u
meumeR"qﬁgﬂ fr:D =R, f(6)=0and f,:

D — R" @

Lot a state y(t) = f\,(.r(t]) fa:D—=+Rbes
fall) = 0.

According to |10}, if we have
(1) = LY, fa(x) + L LY fatx)u, (2)

with LI:L‘F, falz) =0,k =0,1,2,--- . p—-2, L;,L};:'zf:!(l') # 0, for all ¥ € Dy, then the
relative degree of the system with respect to the state y 18 p, 1 < p < n, in a region D, C

B, where E gt oty o S5 pire), IR 56) s g B i e AER B s,
vy L3 oty = Al g gy Jate) = S 3. L5, ol = fale)

Let the relative dem-e he wiﬂl respect to the state y be p. By partial
feedback linearization, the sym @ respect to the state y can be transformed to
Zr = qnk=L4L2--.,p-1, (3)

i, = flz)+g(2)u. (4)

igpr = Gonr(2), (5)

in = gn(z) (6)

with the Jacobian matrix of z(x) being nonsingular at a point rg, 2 = (2q, 22, . 2,).

=g,

Consider the system @-@ If z; =0 for all £, then the system @ @ is said to be
zero dynamic with respect to the state y = 2
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The following theorem describes the asymptotic stability of the nonlinear system
(see 11]).

Theorem 2.1 Consider a system

X
v

fx,v), (M
9(v) (8)

il

and suppose t' v = g(v) has an asymptotically stable equilibrium at v = 0. If y =
Ex.0) has an asymptotically stable equilibrium at x =0, then the system @@ has an
asympiotically stable equlibrivm at (x.v) = (0,0).

In order to use Theorem 1, we need to choose the state variable such that the zero
dynamic of the is asymptotically stable. In this paper, we present asymptotic
stability of some ¢lass af affine nonfinesr control gystems, where the relative degree of the
system is defined, with the relative degree heing | and n — 1, n is the dimension
of the system. For a ¢lass of affine nonlinear control systems with the relative de of
the system being 1, the input control design is needed so that the zero dynamic of the

is asymptotically stable. Next, for a class of affine nonlinear control systems with
relative degree of the system bei — 1, to achieve the stability, we will design an
input control when the zero dynamic of the system is asvinptotically stable.

3 Main Results

st, we will investigate the asymptotic stability for an affine nonlinear control sytem

the following form:

g=Ar+rtu, p(f)eR". 7eR", ult)eR, (9)
with
01 0
A= :
0o o0 ... 1
10 ... 0
andnp=r = =0, T =—a.m >0, 7y =as+od(x;),ap >0, (0) =0.

The fnll-:?ng theorem states that the new state variable of the system @ can be
chosen such that the zero dynamic of the system @ i3 asymmptotically stable.

Theorem 3.1 Suppose the nonlinear system as m equation @ Then there exists a
state variable y = agry + ayxry + -+ + a, 2, + 0,1, such that the relative degree
of the system @ unth respect io the state y is 1. Furthermore, the zero dynammc for the
system @ with respect to the state y is asymptotically stable.

Proof. Let y = apry + a0y +apeg+ ...+ a2y + 0, 1,. We have
¥
¥ = a0r2 + eIy + axxy + ...+ A28y + an-1 Ty + (an-a (2 + 6(x))) - an—2on)u.

Thus, the relative degree of the system @ with respect to the state y is 1, with
an-1 (a2 + ¢(x1)) — an—200 # 0.
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Furthermore, the partial feedback linearization is

a‘ = v, (10)

h = mn (11)
= mnm (12)
(13)

-2 = -1, (14)
fn-t = Tn—aqu, (15)

where m =21, h = T2, ..oy Py = Ty

We will choose the input control u such that the zero dynamic is asymptotically stable.
Next, we choose v = —kjagr; — ksayxg — kyaprs — ... — k,a, 7, witha,,_, = 1. We
have

an ay
ay + @{r;) — oy
=f#lapry + ayra + aara + - + x5)
aa+ o(ry) —a,_am '

. T (—kl e _—l) + a,ry (“k-_p o ‘——a“) + 4 Gp_1Ty ('kn = anwﬂ)

(16)

where 4 = k; + #:k-)-ﬁ-ﬁ"‘ =k3+":-41 ==Ky + Big

Next, if y(t) = 0, Vt, then the zero dynamic of the system @ with respect to the

state y is

= 1. (17)
h o= m, (18)
(19)
-2 = fu-t. (20)
fn=1 = —apmq —ayp —azifs — - — Gn-27n-1- (21)
From Eqs. @ @. it can be written
n=An
where n = (qy,1n2,-. ., M-1)T and
0 1 0
/- : ; o :
0 0 1
—ayg —-ai3 ... —fp-2
If we choose ap, ay, ..., an -2 such that all the root of the characteristic polynomial of the

matrix A; p(A) = ag + @A+ -+ + a,,_2A" "% + A»7! have negative real part, then the
zero dynamic of system with respect to the state y is asymptotically stable. Hence,
there exits the state vanable y = agr) + ayra+ - - +a, _, x, such that the zero dynamic
of the system @ with respect to the state y is asymptotically stable.
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Proposition 3.1 Consider system @ with the state y = apxr; +a,ra3+--+a,_1T,.
Chose a,, .y =1 and ay.0ay...., Un-o such that the polynomial

PA) =ag+a A +...+ap A" 2 4 An! (22)

is Huruatz. If we choose the new input v as in Eq. @ such that y = v has an asymptot-
ically stable equilibrium at y = (), then al using the mpul control in Eq.@, the system
@- has an asymptotically stable equaibrium at (y,n) = (0.0)). Furthermore, the
system has an asymptotically stable equilibrivm at x = ().

Next, the affine nonlinear control system is considered mhe following form:

g=Mz+ru+6(n) z(f) e R" ult)e R, (23)
with 8(£,) € C=(R"), 0(0) = 0, 7 = (0,0.....0, "1 Tu) T, Ty £0,

010 ...0

001 ... 0
T =-—mm M= ¢ () H () + o (1) = 0.

0 0 0 1

0 0 0 0

Theorem 3.2 Suppose the nonlinear system as in equation @ Let the state vari-
ables y = axy + 13 + -+ 1, o # 1. Then the relative degree of the system {23 with
respect to the state y is n — 1. Furthermore, the zero dynamic for the system (23) with
respect to the state y is asymptotically stable.

Proof. Let y=az,a=(a,l,...,1), z={x;,79,..., x,)7. a # 1. We have

¥ = ar=aMzx+ab(z), (24)

i o= aA!z.r-q—aMH(r;)+a(;—(:. (25)

: (26)

" = aM™ e+ a Mg () 4+ aM(B(zy)" Y + a((x,) Y, (27)
y" U = aM" V4 oM I + -

+aM(0(x,) " L a@zr,) B2 +b,(1 - 0)u. (28)

Thus, the relative degree of the system @ with respect to the state y is n — 1.
Furthermore, the linearized input state for system @ with respect to the state y = z;
is

ko= g k=12...,n-2, (29)
ner = flan) +g(z.n)u, (30)
n = _IHh+ir+ o +In=n-1) (31)

with f(z.n) = aM ™Dz + oA SHGE) + - + aM(8(x1) TP + a(@(x,)) "2,
glz,m)=b(1-a),a#1l, 2= (2;,22....,201)-
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Furthermore, we will investigate the stability of the zero dynamic of the system @
with respect to the state y = z;. Consider

o= - ) =0t -2, (32)

If 2y =0and 0 < e < 1, then

. o
nn = m < 0. (33)
Therefore. the zero dynamic of the system @ with respect to the state y = z; is
asymptotically stable.

Consider the system @@ If we choose the mput control

u= oz, ’?)( flz,n) —caz1 —erza — ... — €u_q2q1), (34)

then we have the normal form of the system @ with respect to the state y = z;

i = Bz (35)
b= q(zn)h (36)
with
0o 1 0
B= : .
0 0 1
-6 —€ ... —Cy-2

7 =q({z,n) in hq@ In particulir, the matrix B has a characteristic polynomial

PN =co+e1A4 o4 ougA" 24 AL 37)

a.symptoucauv stable ethbnum at w and if we choose ¢o,c1.--- . €n-2

- of the polynomial p(A) have @ feal part, then ﬂh system
an uympmt)mlly stable equilibm:m at (2, q) (0.0).

Because the zero dynamic of the system @ with respect to the state y% has an

Pmpo&itlon 3.2 Consider the zero dynamic of the system @ with respect to the

state y = z1. Let all the roots of the polynomial in Eq.{37) have negative real part. Then,
at using thr mput control in Eq., the system ‘:2%) has an asymptotically stable

equilibrium at (2.5) = (0,0).

Example 3.1 Suppose the nonlinear control system is

E n (38)
B E B o (39)
B = n+(oa+r)u (40)

Let y = cpry + €113 + x3. Then § = cpxa + 123 + 11 + (az + 23 — cjoy )u.
Thus, if ag > eya;, the relative degree is one for all . Then, according to @ the
input control is
—B(egxy + 1xz + 13 + .
wlb)in (coxy + €12 + Cax3 + 2y4) (1)

3 + I? — 6y
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with 8 = k; + & =ky + 2 = ky+c;. If we choose ky.ky, ky > 0 and co, oy such that all
roots of the polynomial p(A) = ¢y + ;A + A? are Hurwitz, then the system @-@ has
an asymptotically stable equilibrium at (z1, x2,z3) = (0,0,0).

Sinmlation result is shfp in Fig.la for constants ky = ¥ ky = ¥ ky = 5, ¢ =
6,¢; = 5. The initial value =N EOEL -, 50 - 3.
Example 3.2 Suppose the nonlinear system is
B B o+l (42)
B E :3‘u+r’f. (43)
B = u-2r (44)

The relative degree of the system {42 -@ with respect to the state y = axy + 12 + 13
is 2, 0 < ¢ < 1. The system A ) can be transformed to

:m~ 232,
z = flz.n)+g{z.9)u (45)
i 21—
n = N ({:—_?) s

with y = 21, f(z,9) = awrs + (@ - V2§ + 2o — Dy + 2(a - )2,

g(z,n) =1-q.

Thus, the zero dynamic of the system @ with respect to the state y = 2, is
asymptotically stable. Then, according to . the input control is

1
u= T;—a(—r:(z.rp)—q,zl —crza). (46)

If we choose ¢y, ey such that all roots of the polynomial p(A) = g + oy A + A? have
negative real part, then the system @- has an asymptotically stable equilibrium at
(ry. a9, 03) = (0,0,0).

y
| e } g
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P [>==sH1 men
1% 1 s 1 © \ V" 1
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A i
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| .. |
of Pl S— EIERPEDRS | - \
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NYd 4 al e -
r 1 i‘;\___,/f
| -y J
+} 1 \ ‘
i | 2 K
3 1
| . )
l !
e
t 1 2 32 4 3 & T 8 ¥ w * 1 2z 31 4 8 & 1 & » w

a
Figure 1: a) simulation result for Example b) simulation result for Exampk-

Simulation result is shown in Fig.1b for constants a = 0,5, ¢y = 6.¢; = 5. The initial
value r1(0) = -3, r2(0) = 5. r3(0) = —6.
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4 Conclusion

In this paper, we have investigated asymptotic stability
control systems through partial feedback liearization. oy class ]
control systems with the relative degree ¢ system @ with respect to the s
being 1, the input contral is Eig:ned so that the zero dynamic of the system
asymptotically stable. Next. 1 :ai ﬁ.fﬁne nonfinear control systems with the
relative degree of the system @ 1 ‘the state y being n — 1, the input
confrol is designed when thé zero dvmmn(‘ he system is slgmmkaﬂ}' stable,

where the state y is the linear combination of tlle tate variables.
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