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A new orthogonality and angle in a normed space

M. NUR{®» AND H. GUNAWAN

Abstract. We introduce the notion of grorthogonality in a normed space and discuss its
basic properties. We also show the connection between gg-orthogonality and g-orthogonality
introduced by Militie (Mat Vesnik 39:325-334, 1987). Using gy-orthogonality, we introduce
the notion of gg-angle between two vectors in a normed space and discuss its properties.
Moreover, we apply the gg-angle to examine whether or not a normed space is strictly
convex.
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1. Introduction

Inan ¥ g (X, (-, N1 orthogonality plays impor-
tant roles related to the racept of projectlon orthonormality, approximation,
and angles bemwn two ¥ R d yin X are said to be

od = L y)if and only if (E, 0. One may observe that
this urthugunallt\ satisfies the following basic properties (see (1]):

y If + L r, then r = 0.

(a) Nondegenef

(b) Symmetry I LT,

(c) Homo_qenep Bl ar L By for every a, 3 € R.

(d) Additwity If & and = Lz thenz L (y + 2).

(¢) Resolvability For every z,5 € X there exists & € R such that z 1 (azx+y).

(f) Continuity If x,, — x and y, — y (in the induced norm) and x,, 1 y, for
every n € N, then x L y.

Now suppose that (X, |-|]|) is a normed space. As it is known, not all
normed spaces are inner product spaces. In a normed space. several notions
of orthogonality have been introduced by many authors—see, for example,
(1,2,5,6.9,12,13].
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1
Let (X,| - ||) be a real normed space. We define a functional g : X? - R

by the formula

=l (7 (&) + - (8Y)] .
with

f : r+tyll - |z
T+ (8y) = flfilﬂﬂ__y_rll_ﬂ

The following properties of the functional g, which will be useful in this paper,
can be found in g2

g

(4) ||0 (1) Hyllﬁ)revwvryex '
(5) For all r € X, the mapping g(x, ) is continuous.

If, in addition. the functional g(z,-) is linear for all r, then ¢ 1s called a
semi-inner product on X. For example, the functional

gl y) = Izl Y Il sgn (&) e, 1= (&), y:=(m) € (1)

is a semi-inner product on ¢ (1 < p < 00) [10,11].

Using a semi-inner product g, Militi¢ [13,14] introduced notions of g-
orthogonality on X. namely:

rlyy = L) =
r 19y <= gz, y)g(y.z) =0
q
rly<s>glzy) +gy.x)=0
Ly llzlig(x, y) + llylI*g(y. x) = 0.

Note that i} Er product Space (§ (. ). the semi-inNeE product g(-r y)
is identical with the inner product (.r ¥ and zQy if and only if {z.y) =0

holds for every Q€ {14, 19, L,L}.

paper, W& will jifs fotion of orthogonality by using
a semi-inner product g and dmunss 1!;5 p!‘opeltl(i“i We will also discuss its
relation to at least one g-orthogonality. Using the new notion of orthogonality,
we will define a new notion of angle between two vectors in X and discuss its
properties. Moreover, we apply the new angle hetween two vectors to examine
the strict convexity of a normed space.
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2. Main results

2.1. gg-orthogonality

Let g be a semi-inner product on X, we define the mapping [-,:]g on X x X
by

[r.vlw = Vlg(z.9)llgly, z)|- (2)
Note th a rea.l inner product space, [r Ylg = | (z,y)|. Next, using prop-
erties of mi-inner product ¢, we have the following result.
Proposition 2.1. The mapping (2) satisfies the following properties:
(a) [z,7])g = ||lz|? for everyz € X;
(b) [.r y} = | |

Remark 2.2. The mapping o does not satisfy the triangle inequality with
respect to each component. In other words: [,y + z|g, < [2,4]4 + [, 2]y does
not hold in general. For example, consider ¢' with the semi-inner product g
in (1). Take r = (3,1,0,...), y = (2,-2,0,...), and z = (0,2,0,...). Clearly
flxll = 4, llwll =4, llzll = 2. ly + 2|l =2, g(x,¥) =0, g(y,x) = 8, g(x,2) =8,

(2,7) =2, g(x,y+2) =8,g(y+2,2) = 6. Hence [z, y+2]g > [r,y]g+ [T, 2]g-

By using the mapping |-, /|4 in (2), we define a new orthogonality as follows.

Definition 2.3. (g-orthogonality) We say that r is gg-orthogonal to y, and we
write = L g y. if and only if [z, y]g = 0.

Note that in an inner product space (X, (-,-}), g-orthogonality coincides
with the usual orthogonality. As a consequence of Proposition 2.1, we have the
following proposition.

Proposition 2.4. @-orthogonality satisfies the following properties:
(a) Nondegeneracy: If r L, x, then r = 0.
{b) Symmetry: Ifx Ly y, theny Lg x
(¢) Homogeneity: a'r L1 y. then ax _L 3y for every o, 3 € R.
(d) Resolvability: For every .y € X thcm is 0 € R such that x Ly, (ax+y).

Proof. Using Proposition 2.1, the statements (a)—(c) are obviously true.
(d) Let r,y € X — {0}. Then for a = —#Ei{'él. we have

{ I

[z, 0z + Yyl = V]g(z, az + y)||glax + y,z)|

= Vlag(z,z) + g(x,y)llglaz + y. )|
=0,
as desired. 0
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Remark 2.5. gg-orthogonality does not satisfy the additivity property. For in-
stance, consider ! with the usual semi-inner product g. Take r = (1,1,0,...),
y = (-1,2,0,...), and = = (2,-1,0,...). Clearly g(r,y) = 2, g(y.x) = 0,
glr,z) = 2, g(z.x) = 0, g{z,y + z) = 4, and g(y + z,2) = 4. We have
[z.¥]g =0, [2.2]g = 0, and [z,y+ 2]y = 4. Hence z 1y, y and x 1 2,
but r is not gg-orthogonal to y+ z. Likewise, gg-orthogonality does not satisfy
the continuity property. For instance, in ¢! with the above semi-inner product
g, take r, = (£,-1,0,...). r = (0,1,0,...), and y = (1,1,0,...). We obtain
r, — x (in the norm), [r,.y]y = 0, but [z, y], # 0.

2.2. The connection between gg-orthogonality and g-orthogonality

We shall present here the connection between gg-orthogonality and g-orthogonality
presented in the introduction.

Fact 2.6. Let g be a semi-inner product on (X, | -||).

(a) Ifrag y, thenx Ly,
(b) x 1%y if and only ifx L, y.

Remark 2.7. The converse of part (a) is not true. For example, take r =
(1,1,0,...) and y = (~1,2,0,...) in £! with the usual semi-inner product g.
One may check that [x,y],, = 0 but g(z,y) = 2.

We have seen that gg-orthogonality does not satisfy the additivity and
the continuity properties. However, we have the following corollary about the
‘additivity’ property and the ‘continuity’ property with respect to the second
component, which may be proved by using some properties of g-orthogonality
and Fact 2.6,

Coro 2.8. Let g be a semi-mner product on (X, || -||). Then

(a) fxloyendz Ll 2 thens L,y +2.
(b) If yn — y (in the norm) and r L, y,, for everyn € N, thenrx L, y.

In addition, we also have results related to the ‘continuity’ property as
follows.
Proposition 2.9. Let g be a semi-inner product on (X.|| - ||). Then
(a) If rn — x and yo — y (in the norm), r L, yn and y Ly x, for every
ne€N, thenx L, y.
(b) If yn — y (in the norm). y, Lg r and yn Ly v for every n € N, then
T lgy.
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Proof. (a) Suppose that r Ly yoand y Ly r,,. Observe that

[yl = lo(x.v)llgly. )|
= |g(x.y) — g(&, yu)||glys ) — g(y. zn)|
= |g(z.y — yn)|lglygey )|
< fl=lifighilen — i -

P — 0 and | EESGHESD. vo have (],

(b) Suppose that Un Ly r and y, L, r. Using the function [ ]g, in (2),
we have r 1, y,. Since y, — y (in the norm), we obtain x L, y by
Corollary 2.8 part (b).

ner product space (X, (. -)). & angle A(r,y) between two nonzero
vectors :c and y in X is gwen by

ere'ljz| = (.1:.‘.1:)é denotes the induced norm in X. One may observe that

angle A(z,y) in X satisﬁq the following basic properties (see [T}):

(a) Paralleism A(r.y) = 0 il and only if £ and y are of the same direction;
Alx,y) = and only if # and y are of opposite direction.

(b) Symmetry .y) = BlRE) for every HJfEX.

(c) Homogeneity

M) - (WD, b >

7w — A(r,y), ab < 0.

(d) Continuity If r,, — r and y,, — y (in the induced norm), then A(x,, yn) —
Az, y).

In a normed space (X, || - ||), several notions of angle between two vectors
have been studied in [4,8,11,16,17]. Using the above Whogonahtv we can
now define the gy-angle between two nonzero vectors @ and g in X, denoted
Aglz,y), by the formula

e o B = Yl
Awly) = arees e

Note that 0 <€ (x, y) % and A.B(J‘ y) = -11' *I =
or g Ly y. In 94 oduct space (X, (-.-)). Aw(w ‘ ﬁw'!’m‘““‘d

that (@) > 0.
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Ezample 2.10. Consider ' with the usual semi-inner product g. Take r =
Q200 0082 {-1.30:0,....). Clearly 2] =31 g = 4 glz.3) =, mni
g(y,xr) = 4. Hence, Ag(r,y) = arccos(%\/t_'i),

Th 2.11. The g-angle Ay (-, ) satisfies the following properties:
(a) If « and y are linearly dependent, then Ay (x.y) = 0 (part of the paral-
lelism property).

(b) Aglz,y) = Agly,x) for every x,y € X (symnff§ry property).
(c) Aglax,by) = Ag(x,y) for every r,y € X and a,b € R— {0} (part of the

homogeneity property).

Proof. (a) Let y = kur for an arbitrary nonzero vector rin X and k£ € R—{0}.
Using Proposition 2.1, we have
[x. kx)g |k - [x, T]g
——=— = arccos ————— = 0.
|l - k] (L

(b) Using Proposition 2.1, we have

Aglx. y) = arccos

Ay (2,) = arccos T

(¢) Let aand b € R — {0}. Observe that

abl [z 0l _
Tabl(T - Ty Y

as desired. O

Aglar, by) = arccos

Remark 2.12. The converse of part (a) is not true. For instance, consider '
with the usual semi-inner product g. Take r = (2,1,0,...) and y = (1,2,0,...).
Clearly r and y are linearly independent. But one may check that Ay, (r,y) = 0.
Likewise, A, (r,y) does not satisfy the continuity property. For instance, in
' with the above semi-inner product g, take r, = (%.l.(},...),y" = (1+
%.1.(]....)..1' = (0,1,0,...) and y = (1,1,0,...). We obtain [r,,yn]e
(*.y]g- Hence, Ag(z,.y,) = Agl(r.y). From (c). we see that the gg-angle
between two vectors is also the gg-angle between two lines in a normed space.

Using the definition of the g-angle between two vectors r and y, that is,
Ay(x,y) == arccos - Ly in [11] and the g-angle, we have the following fact.

Fact 2.13. Let g be a semi-inner product on (X, || - ).

(a) If Ag(EEY = 5. then Ag(z.y) = 5.
(b) If Ag(x,y) =0, then Ay(z,y) =0 or Ay(z,y) = 7.

Proof. (a) If Ay(x,y) = 3, then z L, y by [11]. According to Fact 2.8, we
obtain r L, y. Hence Ay (r.y) = 7.
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(b) If Ag(z,y) =0, then
(e, y)llg(w. )| _

BT

Consequently, we have |g(2,9)!|9(s 2)| = ll2]l||y||®. Using the properties
of the functional g, we obtain

lat=S =g (y. 2)| = |l (1.
Clearly. cos A, (#%) = £1. Hence, A (r,y) =0 or Ay(z,y) = 7. O

Remark 2.14. The converse of part (a) is not true. For instance, consider ¢!
with the usual semianur product g. Take r = (1,1,0,...) and y =
(—1,3,0,...). so that we have'll#| = 2. [yl = 4. g(#@) = 4, and &gy = 0.
Hence, Ag(x,y) = § but Ay(x,y) = . Likewise, the converse of part (b) is
not true. For instance, in ! with the above semi-inner product g, take z =
+(2,1,0,...) and y = (1,0,0,...). We obtain ||| =3, ||y]l = 1, g(z,y) = %3,

and [r.y]g = V6. Hence, cos Ag(x.y) = +1 but cos Ay(r,y) = V6.

3. An application

Using the gj-angle, we can examine the strict convexity of a normed space
(X.|| - |]). First, we recall the definition of strict convexity as follows.

Definition 3.1. [10] A normed space is strictly convex if whenever ||§$Mw
Iz + yl| where 2.y # 0. we have jf = \x for some real A > (.

Giles [10] gives the connection between strict convexity and the semi-inner
product in the following lemma.

Lemma 3.2. [1 @ normed spaceand |.-| be a semi-inner
product. Then the following statements are equivalent:

(1) X is strictly convex.

(2) 1f [z,y] = lizll ly|| where &,y # 0, then y = Az for some real A > 0.

21
Using the above lemma and the gg-angle, we obtain the following result.
Theorem 3.3. Let g bé @ semi-inner product on (| - ||) and Ay (x,y) be the
g-angle between two vectors x and y in X. Then the following statements are

equivalent:
(1) X 1is strictly conver.
(2) Ifcos Ag(x,y) =1 where g,y # 0, then y = Ax for some real A > 0.

o
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Proof. Suppose that (1) holds, that is, X is strictly convex. If cos Aw(.r.§= )
then

lg(x9)|lg ()] = [l |yl
Using the properties of functional g, we obtain

(T4, 8 = 2] ]
Since g(#,y) is a semi-inner product on X, by Lemma 3.2 we have y = Ar for
some real A > (0. This means that (2) holds.

Conversely, suppose (2) holds. We shall prove (1) by employing
Lemma 3.2 once again. Sigpise that glziy) = el iyl where 50y # 0.
It follows from [15] that g(y,x) = |J|&}i flyl|. Hence, cos Ay (2, = 1 where
# (0. By assumption, we obtain y = Ar for some real A > 0. Therefore,

Y # 0) implies that y = Ar for some real A > (.
By Lemma 3.2, we conclude that X is strictly convex.
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