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GENERALIZED HOLDER'S INEQUALITY IN ORLICZ
SPACES

IFRONIKA', A.A. MASTAZ M. NUR™M, AND [l. GUNAWAN'

Anstract, Orlicz spaces are generalizations of Lebesgue spaces. The
sullicient and necessary conditions for gencralized Holder's inequality in
Lebesgue spaces and in weak Lebesgue spaces are well known. The aim
of this paper is to prosent suflicient and necessary conditions for geus
eralized Holder's inequality in Orlicz spaces and in weak Orlics spaces,
which arc obtained through estimates for characteristic luncetions of halls
in K"
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1. INTRODUCTION AND PRELIMINARIES

Orliez spaces are generalizations of Lebesgue spaces which were intro-
duced by Z.W. Birnbaum and W. Orlicz in 1931 [11]. Let us first recall
the definition of Young function, Orlics spaces. and weak Orlics spaces. A
function & : [0.~x) = [0,50) is called a Young function il @ is convex,
left-continuous, $(0) 0, and 'Iirni_ Dit) = 30:

Let & be a Young function. we define the Orlicz spuce Ly(R™) to be the
sot of measurable functions [ 2 R — R such that

/ Pla f(r))dr <~

for some @ > 0. The Orliez space Ly (") is a Banach space with respect to

Sl 1.p(mny = inf {h >0 /ﬂ ¢ (%) dr < 1}

(see [5, 7]). Note that, il we take an arbitrary [ € Lg(R"), then there exists

the nornn

b= 0 such thae [ (l'( [‘,;"I)d;r < 1. If (1) = 1" for some 1 < p <

then Lo (E") — LP(E™). Thus, the Orlicz space Ly (R") can be viewed as a
generalization of Lebesgue space LP(R™ ).

On the other hand. for € is a Young function. the weuk Orlicz space
wla(R") is the set of measurable functions [ : B — K such that

H -~ . .~ pn . -r{‘r} & - :
[ lintg () 2= int {b >0 .‘:l”;‘l’(f} {.z cR”: b7 t} < l} o
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Remark. Notc that || - [,/ defines a quasi-norm in wkLe(R™). and that
(L (R"), || [[wrgqoey) forms a quasi-Banach space (see [1, 3]).

The relation between Orlicz spaces and weak Orlicz spaces is clear, as
presented in the following theorem,

Theorem 1.1. [3] Let @ be o Young function. Then Ly (R") © wlLa(R")
with

Ml erammmy S UM vy
for every [ € Ly (R").

The study of Orliez spaces and weak Orliez spaces were widely inves-
tigated during last decades, see 4. 6, 7. 8. 9. 12 In 1965, O'Neil (12
obtained suilicient and necessary conditions for the Holder's inequality in
Orlicz spaces. as in the following theorem.

Theorem 1.2, Let @, be Youny functions and O, Hs) = inf{r > 0:B(r) >
s} for i = 1.2,3. Then the following stutements are equivalent:
(1) There crists a constant C > 0 sach that for all 0 =0 we have

dTH OB (1) < CdT (1)

(2) There erists a constant C' > 0 such that for all s.t =0,

1‘((’) < ®y(s) + Ba(t).
(3) There exists a constant M > 0 such that
£ Laymmy < MUS g, izl Ly cr7)
for ecvery f & Lo, (R") and g € La,(R").

(1) For coery f € Lo, (R™) and g € Ly, (B"). then fg € Ly, (R™).

In 2016, Masta e al. [10] obtained sunfficient and necessary canditions for
the generalized Holder's inequality in Lebesgue spaces. Related result about
snfficient and necessary conditions for the generalized Holder's inequality can
be found in [2].

Motivated by these results. we are interested in studying the sufficient
and necessary conditions for the generalized Holder's incquality in Orlicz
spaces and extend the results to weak Orlicz spaces.

The rest of this paper is organized as [ollows. The main results are pre-
sented i Sections 2. In Section 2, we state the sufficient and necessary
conditions for generalized Halder's inequality in Orlicz spaces as Theorem
2.1, An analogous result for the weak Orliez spaces is stated as Theorem
2.6.

To prove our results, we pay attention to the characteristic funetions of

halls in B and the following leinmas.

Lemma 1.3. |5 Let @ be o Young function and [ € Le(R™), If 0 <
I gy < 00, then S @ (r—r‘%) do < 1. Furthermore, |[f| gm0y <
1 if only if f, G fle)yde < 1.
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Lemma 1.4. 9 Let @ be a Yoang function. If & '(s) = inf{r > 0:®(r) >
s}, then we have the following properties:

(1) @0y = 0.

(2) @ '(s1) S & (s2) for sy < 52

(3) B(D Ys))<s< D Yd(s)) for 0 < s < x.

Lemma 1.5. 3.9 Let & be o Young function, o € R, and v+ > 0. Then
L | 4
1

i l\_|_.1 !

Bla.r;

I1x B(a.P || Ly (R")
where | Bla,r)| denotes the volume of open ball Bla,r).

2. RESULTS AND TNSCUSSION

The following theorem presents sufficient and necessary conditions for
generalized Tlolder’s inequality in Orlicz spaces.

Theorem 2.1. Let mi > 20 If & and &, are Young functions for i =
I, ..o, then the following statements are equivalent:
(1) There exists a constunt C' > 0 such that

m

[Te 0 <ce

=1
for every t > (0,
(2) There exists a constant C > O such that for all t; > 0,1 =1.---.m,

H l; "
¢ '_(I.;.. < X‘pl(tl)‘

(3) There exists a constont Al = 0 such that

I+ < MTTIflley, @

=1 1=1

LR

for every f, € Ly {R"). 2 =1..... .
mn

(4) For crery fi & J',¢J(R”]. then l[ i e Le(R™).
i=1

Proof. ((1) = 12)) Suppose that (1) hold. Since & is a Young funetion and
using Lemima 1.4 we have
m
s b () < o1 (3 aten)
i=1
for i = 1.+, m. Hence

m m
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Because @ is increasing and by Lemma 1.4 (3}, we have

oL ]”'l L) =0 .(g'; #i1)) < iq»,u, )

((2) —= (3)). ‘ﬂlpp(w that (2) hold. Let fi be an element of Lo (R"). 1

Lenma 1. 3 we have
/ (—“LLL)(II <1,
If( .l', (R")

for every i — 1,....m. On the other hand, we have

Uk AL
.Lq *(z 11|Lnﬁ3=, = _ﬂ/ ll 7 (:h.)d’
i) B
"m;].w 12 - ])ri:::;l.

By definition of || - [|,, g, we conclude that
b [Lgp{R" )

m

< mC l_[ ILfil g, vy
i

m

e

=l

La(E™)
((+ il (1)). Next, it is easy to prove that (3) implies (1). Now, suppose
that (1) l|uld- then there exists ev > (0 such that

m

[‘ ' (l_ll—im_)‘“ 2L

By setting M 1= ——— > 0. we have
” fhrq (R’

T /i) I 1)
/_ O (+u——) dr / g (’—'—~) dr < 1.
B AM [T 1 Iz "

T
By definition of Orlicz-norm we have H f < M T Ifill e, gy
b g (R i=1

({3) = (1)). Suppose that (3) holds. 'I.\l-n! an arbitrary open ball By =

m

i I
B(0,ry) for ry > 0. Observe that [Ix sl ) ’ IT x 8|l . By using
i=1 La(R?)

Lemnua 1.5 we have
m

] ) m
: IxBoll oy < M [T Ixa0l e, (2my = M l[ =

‘ll (H‘) i=1 f(;;)
for every open ball By C R". Since 1o > 0 s arbitrary, we get

1[¢ﬂu)ar¢‘n)
=1

for every t > 0.
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Remark. For m — 2 Theorem 2.1 reduces to Theorem 1.2 Note that, for
m — 1 Theorem 2.1 may be viewed as inclusion properties of Orlicz spaces
in |8, 9.

Corollary 2.2. Let m = 2. If 1 < p.pp < o¢ for i = 1., m, then the
following stalements are equivalend;
(I] T*m _[— =3 1

“i=1p, F
" | m

(2) |11 £ < [TV Flmqgony- for every fi € LP(RY), i=Lo...,m.
f=l Lie{sm) i1

T

(3) For every f, € L (R"). then T] fi ¢ LM(R").
i=1

Proof. The proofl that (1) and (2) are equivalent can be fonnd in [2]. Next,
by setting ®(t) := # and &, (t) 1= #7 for 1 < p.p; < x in the Theorem 2.1,
we have (2) and (3) are equivalent. a

For weak Orlicz spaces, we also have the sulficient and necessary condi-
tions for generalized Holder's inequality. To prove the result, we use the
following lemmas.

Lemma 2.3. If f € wLy(R"). then
|flx)
sup d(t) {J'CR"I—'. : fiz) - l.‘}|(_ :
=0 I f b lg(Rey T €
for every ¢ > 0.
Proof. Let £ € whe(R"). Take an arbitrary ¢ > 0, then there exists b >0

such that b, < | fllyr oy + ¢ and

{

[ fla)] \
.-sul:'b(r)‘{.arc R": Jix) > r}‘ < 1.
150 ‘ b, -
Since L:)—{)— > 17 G . we have
e Filawb g, ()T

(I>(I)|{.r€ R": I_f—l:f(—:”__' > r}| < 1) {.;-a_ re; L f,}’;: 1

for every £ > 0.
By taking supremm over 1> 0. we conlude that
| £4
sup d (1) {.r e R '.'.f“') > f}l < |

t>0 | f !?J'f.q.(i("} +¢

for every ¢ > . a

Lemma 2.4, (3,9 Let @ be a Young function, a CR", and v > 0. Then
|

I

where Bla. )| denotes the volume of Bla,r).

i X B(a,r) Iéu Ly(R")
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Lemma 2.5. If f € wlqo(R"). then there exists o > 0 such that

sup d{t) {JT e R": M p f} <1,

L0 (R}

We leave the proof of Lemma 2.5 to the reader. Finaly, we come to the
seneralized Tolder's inequality in weak Orlicz spaces as follows.

Theorem 2.6. Let m > 2. If ¢ and ¢, are Young functions for i =

1.....m. then the following statements are equivalent:
(1) There exists a constant (* > 0 such that

H(l'n '(’_” < (') '(t)

te=

for every t > 0.
(2) There exists o constant €' > 0 such that for all t, > 0.

ﬁ L m
L = I A (82
C =1

(3) There erists o constant A > 0 such that

e < M [T 1flwLq, cxms
=1 wla(B") =1
for every fi € wle (B"), i =1...., m.

m

(1) For every f; € whe (R"), then [] fi € wLe(R").
i=1

Proof. As before, we have that (1) and (2) are equivalent. We shall prove
that (2) implies (3) and (3) implies (1), Suppose that (2) hold. Let fi €
wle, (R"). By Lemuna 2.3, we have

Q)
o, (1) {.c- R": 1) ;ar} <1,

W7 = =
1l (57

i jai u'l....li?\") T

for every k € M,
I /i)
Define Ap(t) = O [ € R": m '_;_ >
m(” 1 I.f'l 1 ;)H[,l.,.,,‘:- )
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"
tm( |1
Next by setting lg 1= o

in Orlicz

F DSl v

spaces

. we have

[ £

"

1](!;,! m | fi(x

e n(l‘"j.]ftluldﬂ- 1
l_[(l'u] f:U
=1

(f il (1+ DlfelluLs

m I, (.’)

Ap(t) = @

"

(f)m

1 =
=n >—|- ( ]
On the other hand,

%(u

1 3
(to)m | filx)]
%lj ftlln "-‘a‘ll"""'f

{reR": 1>t}
i) {r

¢mJ{xexw

Bl :'l fi |u-L.|..1_~;“)

{reR": 1>}
fr €R" ;1> to}]

))&;au":y>mn

fila)]

}

m
) >l
(Em)

> i",'}i

T
,if',t:r)‘

(1+ Hlfi| Wl (R
<1,
1
TRt .
where #; := ﬁﬁ% for § = Tyreeyif
g, (R

This show thar

f‘[ (to)m | fi(x)
i=l

‘!]'{r) d’ m
mC |](1 ¢ 1'-)| Jil wly (R7)
i=1
1 Tt 1£it)
< —@

m

('n(|~

i‘ ( "ﬂr fu‘)
gy {1+;‘}| f.'llul|f}"‘

<1

i- ]“f' "ur.i’,.‘.i (E")

Hr e B" : 1>t}

{u: € R" :

)) [{r e R": 1>t}

1 > tp)
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Since ¢ > 0 is an arbitrary positive real namber, we get

m

H [filz)|
supd(t) [¢ r e R : S| =L

"

150 ! e n[1+ 'Hf. wla, (E")

B3y deBnition of |- ||, Lad@n), We have

m

< lHC-’[l T o mll'fﬂuf| (R

i

111.

1 1.,; (R

For & — ~c, we have (1 + %]'" — 1. Henee we conclude that

m e
11+ <mC [ 15wt -
=1 LR i=1

((3) «» (1)), Next, it is easy to see that (3) implies (1). Now. supppose
that {41) holds. by using Lenuna 2.5, there exists o > 0 such that

m
11 filx)
sup®() [{ r c R : =2 Sty <1
(>0 0
By setting M = N > 0, we liave
IRl Wl (™)
vl 1
I [fuled] [T 1/i(a)]
supd(t) |[{ r e R" . m’—_'——-—— >4 ﬁ:npfh!f!{ reR" = sy <1
(=il . M ” ”L:’wr.:‘i”‘l‘ \ (>0 n ‘
" "
By delinition of |||l gy ey, we have \ 11 J “ <M T I fillwee zmy
=1 !

Thus (2) implies (3).
Suppose now that (3) holds. Take an arbitrary open ball By := B(0, )
for vy > 0. Observe that [\ golwrsze = || 1] \#0 By nsing

whe(R™)

Lemma 2.1, we have
n m

" i X8y latatimy € M [T INBollwra, ey = M [T 7~
+ () e ()
for every open ball By € R". Since rg > 0 is arbitrary, we get
m
[Te (1= Me )
i=1
for everv ¢ > 0. Henee (3) implies (1), and we are done. [
Sorollary 2.7. Let me > 2. If 1 < popi < o for i Vs i, then the

Sollowing statcments are cquivalent:

y \m 1 _ 1
(l’Ll-lp. pt
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Il'm m
) 1T 6| < T1 Uil wrwsigny. for every fi € wb(R"), i =1.....mn.
=1 wlP(R") i=1
m
(3) For cvery f, C wlP(R"), then [] fi € wIP(R").
i=]

Proof. "The proof that (1) and (2) can be found in |2]. Next, by sctting
O(t) — " and Bi(t) — " for 1 € p,p, < 20 in the Theorem 2.6, we have (2)
and (3) are cquivalent, O

3. CONCLUDINGS RREMARKS

We have shown sufficient and necessary conditions for the generalized
Holder's inequality in Orlicz spaces and in weak Orlicz spaces. [rom The-
orems 2.1 and 2.6, we see that both generalized Holder's inequality in Ov-
licz spaces and in weak Orliez spaces ave equivalent to the same condition,

nawmely li () < eV,
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