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1. Introduction
On & normed space (X, ||« |}, let ¢:X* - R be the functional defined by the formula

I ;
gxy) = sl feefaxy+ e Cer]

with
ty| — i«
T+ (x.¥) = lm M
. fain !
Then, may check that g satislies the following properties:
(1) = [l 2 for every x € X ;
) fy) = af g(x,y) for every xyeXada feR;

() glx.x+y) = |[x)? + glx.y) for every .y € X

@) lglx,y)| < (el iyl for vty € X.

glx. )l Hll)wv-mr,

Assuming that the g-functional is linear in the sécond argument then [y,x] = g(x.y) is a semi-inner product on X.
Note that all vector spaces in text are assumed 1o be over . For n:mplc_ one may observe that the functional

glry) = o3P Y el sen (e o= () o= () €47

15 a semi-inner product on €7, 1 < p < oo |1].

Remark 1.1. Note thar not al §@etor spaces have the property that the g-functional is linear in ithe'second argument . 1f the ned space I8
smooth, then the g-functional 1s Rearin e secondargument. A normed spaces with the property that the g-funcrional s linear in the
Yeeond argunient s referred o as normed spacesgf (G)-nype [2].
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By using a semi-inner product g. Militi¢ [3] introduced the following orthogonality relation on X: xis said to be g-orthogonal to v, denoted
by ¥ L y. provided that g(x. ¥) = 0. For more recent works, see in (4. 5].
Recently. Nur and Gunawan in [6] defined a 2-norm on X by
[lxp.xall, == sup | 80rm) glyz)
TE leno12] 80wz} gly2.x)

Similar]}Be can define an a-norm (with # > 2) using the semi-mner product g on X. An n-normon X isa mapping [+, .|| : X% x X —
R which satisfies the following four properties:

(1) [|x1,... o Xn|| =0 if and only if xy,... Xy are linearly dependent:

(2) ||%ps+es ok | 18 invariant under permutation;

3) |loxy.. .E‘.." = [@llxp,. .o a0l for every ay. .. € X and for every o € @
@ lxr. . Ane1ayt 2l € [xree Xne 1 ¥l F 01y oo sdnet, 2]l forevery x.v,z € X.

The pair (Y - ..+[ ) is called an n-normed space.

The theory of 2-normed spaces was initially introduced by Githler (7] in the 1960s. Mcanwhile, the theory of n-normed spaces for n = 2 was
m_opﬂ‘.l_'_lg [B]-[10]. See [11]-[15] for recent results on this subject.

On the space 7 of p-summable sequences. where 1 < p < oo, the following n-norm

1
! pqd
[EITRRE I 7 t

1
ey ool p o= "_')1:; abs) oL [{N ]
L Saky T Yk

is defined by Gunawan in [16]. As shown in [17. 18]. this n-nonn is equivalent with the one formulated by Gahler in [8]-[10], namely

Topw o By
b &
[lys-- ..\..1!;,:: sup = 5 . (1.2)
ol <h j=1.n . i
busly I;.Int,\'u o Exaya

where p’ denotes the dual exponent of p. Precisely, we have the following theorem.

Theorem 1.2. [19] Forevervay ... x, € (7 w p < ea), we have

1 " W o< K
(007 llenyetall, < i@l < 07 ey, ol

In this article. we shall first prove that, on (7 (1 < p < eo), the pew 2-nom |-, -[ , is equivalent with the 2-norm ||+ ||, which is defined in
(1.1). Using this result, we can prove that the 2-normed space (£, ||-.-[|) is complete. We then extend the result for all n > 2.

2. Main results

Before we discuss the equivulcnccntwecn the two 2 -norms on £7 (1 < p < ), we need some definit iun.-e.g(x,ll +||) be a normed space,
We define the g-orthogonal projection of a vector v on a subspace S of X as follows.

Definition 2.1. [20] Let y € X and § = span{xy.... .Xw} be a subspace of X with T'(xy.....xm) det|g(x,.x;)] # 0. The g-orthogonal
projection of y on S, which we denote by vs, is defined by

0 ?1 wr Xm
1 G| elm) glasx) o gln )
¥y 1= . . ) .
1[.\'|...,.4\'.|) : ! .
glom.y) gloma) o g0omOm)

and its g-orthogonal complement y — ys 15 given by

?- x - ik
| glx,y)  gloyxy) o glax)

Y o
C{Xpasrsnim)

g glxwx) o g(XmAm)
Observe here that v, Ly v — v for every i = 1.....m. Note that, if § = span {x}. then

glvy)

Yy = i,
s e

and y — vy is the g-orthogonal complement y on 5. Itis clear here thatx L, y = vg.
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Next. letxy,....x, « X be asetof n linearly independent vectors. We may construct a left g-orthogonal sequence x

=0 (x)s 2.1
where S;_1 = span {xf.... &7 } fori=2,.. serve here Lo Kyfori < (see 15, 20]).
For X = £7 (1 < p < =), we have relation for the s=nom {x1,.. .. % || and ume’ of the n-dimensional parallelepiped spanned by

n
{xry o ) in P namely Vixy, oo oxq) = T[] [, as follows.
=1

Theorem 2.2, [/9] Let {x),.. ,an } Ia set of linearly independent vectors in (P (| < p < oo). Then we have

4 " » 1
("!)" %15 »-hup <V N, )= (CH R ETP X ~||p
Sfor any pernudtation [iy... .. DL L ——
Note that the value of V(x;..... v, ) may not be invariant under permutation of (xy.....x,) because g(-, ) may not be symmetry. The above
theorem states that all possible values of V{x; ... v, ) lie between two multiples of [lx; ... .x,[| . independent of the permutation.

2.1. The equivalence between two 2-norms

Let us consider Gunawan's delinition and Giihler's defimtion of 2-nom on (7 (1 < p < o). namely:
)P

Ty Lanvu
¥ T

Xk Nk
T AU

[lvyvallp = g; (nhs

and

L\'].\‘g |’ = sup =
I I Ivdozt jetz| Evayue  Exuyx
¥l tip=1.2 . :

Meanwhile, Nur and Gunawan's 2-norm is given by

2 “ ; 2P
[Iye]lp ”%{\‘u\"’ sgn(vida Ivzllp r%l)zﬂ" Vsgn(ya o

hoxll,=  sup 2. St
P ] I E vl et vzl Ebval” sentyaina

Remark 2.3. Using propertics of determinants, the above 2-norm may be rewritten as

5
2 Iy 1P i =1 . Xig, X
1.2 sup _n “‘J”i ,ZE Yk, \p lW"[\u,) l-fi.'" f\u_.) 1y .u, )
R 2 | S| b, P sgn (ag,) sgn(vag,) || vw v,
For p = 2, we observe thar
| ¥ Vik, X Xiks
2 2 = wp YY Vi ik W N
Il <b =022 ks Y2k Ve | YUy YU,
One may then vegids that the three 2-norms ||, |l5, .11 and ||-.-[| ¢ 2 are identical (see [6. 12]).

For other values of p, !

24, Forevervyp g € (0 (1< p< c-z'. we have
L. _ . o
g H<‘I-x2",. = ”Ith"x ps [lxy --'2";. <28 |xy2lp

. 2 o s
Proof. For j=1,2.let y; € " with |y, < 1. Take w; = () with wy = [|vj|lp "'\_\',‘.|" "sgn(y ). We observe that uj (7 with
\|u,"lf = “)';”,,, As a consequence, we have |[x), 1\_”, < [fxy. \':H'P By using Theorem 1.2, we obtain

R 1
[lvp . x2llgp < “-‘1--“:”;- <27 ||lvy.xalp-

Next, assume that {x), 2} is lincarly independent. Using the process in (2.1). we obtain the left g-orthogonal set {x}.x3}. Then, by Theorem
2.2, we have ﬁ

i T
277 flmnxall, S Vixnaaz) = [l 1920, -
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For j=1.2lety; = —:—r sothat |v, [, = 1. It follows from the properties of semi-inner product g and matnx determinants that

I " T T
I B et L
i = -
Fl!'rﬁ'xz' ITH ’s(-l'zd.'zl |

lxill, w2l = V{x1,32)

32
lx(.?l-n) g02.:) |
ghnm) gOh2m) |

-

1
-1
> 257 I aall,-
)
G iCw " ==l . L . . i -~
By the definition of |-, -[|. .. we conclude that Ilmrg!;\. p =27 x|, Combining with the previous inequalities, we have

1 e . et
20 vl < o xallep < xall < 27|lxyxll e

Note that if {xj.x2} is a linearly dependent set, then all the 2-norms are equal 0, and so we have the equalities. [m}

Corollary 2.5. For 1 < p < oo, the three 2-norms |||l g |- H;, and |-.-|, are pairwise equivalent.

Since ((7.[|-.||»} is a 2-Banach space [1]. we obtain the following corollary.

13
Corollary 2.6. For | < p < oo, the 2-normed space ((°,|-,-|| ) is a 2-Banach space.

2.2. The equivalence between two n-norms

1 3
All results in above subsection can be extended 1o n-normed spaces for any n > 2. Suppose that g is 8 semi-inner product on (X || ).
Consider the following mapping ||, ... [[,on X » - < X:

gyem) o glwen)
flxpee. . oxnll, ~ sup = ?_Isup det(g(y;.x/)]. (2.2)
vl <1 fe=m K‘__\‘;.-\'ﬂ) 4‘()“"'.) [vill €1, J=1....n

I vl <0 fgggi = byoo sy, then detglyy )] < nt [nI [lx/]|. Note that the factor 2! comes from the number of werms in the expansion of
=1

det(glv,.x;)]. The following facttells us that ||-,.... || 18 a finite number.

Fact 2.7. The inequality

n
RSN § (1]
=1

holds whenever xy.....x, € X,
Moreover, we have the following result.

31
Proposition 2.8. The magging (2.2) defines an n-norm on X.

Proof. Itis obvious that. if {x1,....xa} is linearly dependent, then we have [[X1,... X [|¢ = 0. Conversely, i ||y, ... Xu|¢ = 0, then the
rows of the matrix [g(v,. x;)] are linearly dependent for every vy..... ya€ Xwith [ly;l €1, j=1..... n. This happens only if xy., ... x, are
linearly dependent.

Next, by using the properties of supremum and matrix determinants, we obtain the invariance of [ v1,.. . x2|| ¢ under permutation. Furthermore,
we have [lavy....x, |, = | [|lx).. oyl fora e R

Finally, for arbitrary xg.xp....x, € X, we obtain

glvixo txg) o gl Xot+x)
o +x1,0...&nlle = .\'!ﬁ ",

Iyt fmlyan 1) ol

glyvivo) o glya.xo) elvi,x1) o glya, 1)
sup . + sup .
R glyrxn) o g(¥nXa) Ll gvixn) o0 (Ve xn)
= Jlagee. o dnllg llwre. . .A\',,||].
This completes the proof. (m]

The following thearem holds for an inner product space (X, (-.-)).
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Theorem 2.9. If (X, (-,-)) is a real inner product space, then the two n-norms || g in (2.2 and [|-... .. |y given by

a (rpx ) e {am)
|| Il =
@& o ()
dre identical.

Proof. On the inner product space X, the functional g(-. -) is identical with the inner product (-, ). Therefore,

[CE T T IR T YD)

lxr.... . ¥ally = sup : ., :
Il =1 n )

I fpsled ! (_"l vim} (\'ll--‘.ﬂ)

Now, applying the generalized Cauchy-Schwarz inequality |2ﬁnd Hadamard's inequality [22]. we get

lcmles o e allallyne s < sl

il f=ly

Conversely. suppose that {x;.....x,} is linearly independent. Using the Gram-Schmidt process, we get the orthogonal set [? ald }.
Because the determinant of the Gram mauix of a Iincmindcpe!_)lknl set being equal 1o the Gram matrix of the associated orthogonal
sel (obtained us ram-Schmidt process), we have ||x|,..;.a=.||;a$ % e lls = 1411 Ilxh il For j = L. let y; = —:;- so that
[¥;/| = 1. Then. by the properties of the inner product ar trix determinants, we oblain

5

(o 80 | e )

| n) e (mex) ’ | {3
| 1

P - e @8 - vl 0
| im0 (omsn) | |(Y|&)h} o U ) e (W)

=l Dopdls Tene o -

Thus, |xq,.. ,,I,,'n.'?_ JI%45 2 << s % |- Hene

If {xy,.. .. %} is lincarly dependent, then || e e 3 0

Remark 2.10. Nnreumm P

1303 tnllg = lxrs oo ulls < vyl [lnll.

which is better than that in Facr 7.

For X =7 (1 < p < oe), we rewrite the formula in (2.2) as

glyvim) o glmg)

|loy.. cXally = slup | . :
wll, <= ]
2 glyixa) o0 B(¥ai¥a)

Substituting g(v,.xi ) = ||¥; H,:. it Iy l” 'sgn(v,;) vy and using the properties of determinants, we have
k

2 - I-py 1 Ly
Ioallp " Ebul” tsgabvubeie o ally PElvatl” sgnlyne) v
|lxq,-. ..\,,II.”, = sup : ) :
W< by=hion e . 2P
: [walp PElv el tsenlvydvw o lvally ")rl.\'..xF" Vsgnlv ) x
k
R s | Fibe o Fu
fi2 8 o 1 | 3 v
= P sup QH"‘”IP J’Z"'EH'E!*,LP hg“(,’_’ki) : = : S (2.3)
i |, < T - - koo ket Bigg v K

Corollary 2.11. For p= 2. the three n-norms ||, ..|[yin (1.1, || clyin (1.2 and || g2 in (2.3 ) are identical.

For p # 2, we have the following generalization of Theorem 2.4.

Theorem 2.12. For everv x. ... Xu E P [I.’p < o), we have
3
. \ ; L !
(nt)7 : vy -rlilp < "xh‘--van_u.pS ﬂxll' '-a-xn";r < ()7 Xy """l“?'
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. ; . 2 . '
Proof. Foreach j =1, a. let y; € (7 with || v)][p < 1. Then take u; = () with uy = ||yl Pl P sgnlyje). We observe thatu; € (7
with [l = [l¥;[l, < 1. As a consequence, we have

fley -l p S Ml

By using Theorem 1.2, we obtain

a linearly &gq)endenl‘sel. Using x} = xj and 5o forth as in (2.1), we obtain the left ¢ -orthogonal set
27

Wi Enllg p < [Base ookn ) < (00)7 [psen sl
Conversel _supplmn{n,...,.t, is
\j.... 3 Then, it follows from Thec

W7 ol € V) = il

=

For j =1 n.lety; = T“— so that [ly;[|p = 1. Next, using the properties of matrix determinants and the semi-inner product g. we have
e

. 1
gna) o gOma) o, Sl e R0Ra)
e xn) o B0WXn) "\Tl}ﬁ:x(’: 38) o ——-:g(.r;..\',:j

""'il-p" ‘”—";H,. = V(rjlilix)

)
1
> (n")r Hx,.....x..;\,,.

1. 40 S : : - ¥
whence K)o Xnllgp = @07 ey \n&,. Combining with the previous inequalities, we obtain

1 1
()7 e nlly S e e S Ml < (n1)7 (Rt sl

If {Xy... 2,0, ) is linearly dependent, then all the n-norms vanish and so we have the equalities. [m]

Corollary 2.13. For | < p < oo, the three n-norms || fle [0 -H;, and ||-,.. ., gl

o ||p are equivalent.

Knowing that the space (7. ]|-,... .-[|») i an n-Banach space in [16]. we have a generalization of Corollary 2.6 as follows.

Corollary 2.14. For 1 < p < oo, the space (€7 [,

w.p) 15 an n-Banach space.

3. Concluding remarks

In this paper, a new n-norm is defined using a semi-inner product g on (7 for 1 < p < = Accordingly, on the space (7' (1 < p < oe), we
have three different n-norms, namely Gihler's n-norm ||+ ||}, defined in [8]-[10]. Gunawan’s n-norm ||-...., |l defined in ]. and
|- -, +llg p defined here in (2.3). In Corollary 2. 13, we have just seen that the three n-norms on (7 are equivalent. As expected, the case
where p= 2 is special. Here, the three n-norms on £ are identical.

In addition to the above three n-norms, we also have a formula for another n-norm using the semi-inner product g on (7 (1 < p < oo), namely

ghvpx) o glvedr)
llere e sdnllgp = sup

wpll 1|

gvi X)) 0 B(¥n.Xa)

» 2 L .
Since g(y;.x) = vl PY lviel? 'sgn()'}‘ )X,k We obtain
k

‘ ‘ I 2 5
RpeeaigllSm: = sup = [ Ivlls 7
vieeyally£1 T 20
b 7 tsgn (g ) o v ? tsea (o) | v e S
M e P tsgn (i) o Do l” Tsen(va) 1w o A

For other values of p, we can show that

2- 1 [SEREE
fleg.- ... Wnlle.p < (11777 Ry |-\'u";,p'
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Indeed, assuming that xy,. ... x, are linearly independent, let v}, .1} be the vectors obtained from vy, ..., x, through the process in (2.1).
¥ y
X . ¢ o . . s
By taking v, = ?ﬁ (j=1....om weobtain ||lv),....val|p = I. Next, using the properties of matrix determinants and the semi-inner
LM

product g, we have

B $ v | . n
glvi.xp) o glva,xg) . .q,;'.,g("‘ 1) U \,.gt"""" )

(¥1.%9) (¥, ¥ Lo 2] k— (X
gLy ElYmtai | 2T Jgi,g(xl ) T .,"‘(x" a)

117 sl

[

- 1,121, B Theorem 2.2 d ¥}, xall = %1 %a . we obrain

Simce ||xy. .. ..1,,,|', < (n!

2

WAl > ()3 Tl

Moreover, using Theorem 2.12, we have

. 3L o
[lx1, s Xnllgp < (1) F [lxgsenes tnllgp
Tt follows from this inequality that the convergence of a sequence in [|-. .|, implies the convergence in |-, <[l ¢ p+ and hence also in
[l-....[lp. Unfortunately, up o now, we do not know if the converse is true.
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