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Abstract We develop the notion of g-angle between two subspaces of a nor
space. In particular, we discuss the g-angle between a 1-dimensional subspace and a
t-diggRsional subspace for 7 > 1 and the g-angle between a 2-dimensional subspace
and a r-dimensional subspace for 1 = 2. Moreover, we present an explicit formula for
the g-angle between two subspaces of £F spaces.
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1 Introduction

In ;mgndt product space (X, (-, -)), we can calculat@ie angles between two véctors
and two subspaces. In particular, the angle 6 = #(x, y) between two nonzero Vectors
xandyin X is defined by cos 6 := 22 where x|l := (x, x)* denotes the induced
norm on X. One may observe that d’nc angle @ in X satsfies the following basic
properties (see Diminnie et al. 1988);
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134 Beitr Algebra Geom (2018) 59:133-143

(a) Parallelism @ER. v) = 0 if and only if x and y are of the same direction;
f(x, v) = m ifand only if ¥ and ¥ are of opposite direction.

(B) Symmerry 60(¥38) = Gtm evcry
{€) Homogeneiry
b"“{ﬂ(g» g ab >0
B(x ), ab <0.

A e norm) 068 0 ) — O S

pt of angles between two vectors has been studied inten-

(d)_Continuity

swely (mfor lnstance Balcsm et al. 2017; Diminnie et al. 1986; Gunawan et al.
2008; Horvith 2010; Milicic 2007; Thiirey 2009; Zhi-Zhi et al. 2011). Here we shall
bnterested in the notion of angles between two subspaces of a normed space using

1
glx, y) = % felf [rex, ) + 1(x, )]

with e +ayl =
=R
() g(x, x) = ||x|* for every x € X;

(2) glax,by) = ab - g(x, y) for every x, yE.\'anda,bER

(3) gx.x +y) = (x> + glx, y) forevery x. y €
(4) 1g(x. ¥)| < llxL<fyl for every x,y € X.

If, in addition. the functional g(x. y) is linear in y. then g is callcdsn_'f ni-inne
product on X. Farmmpl@ consider the space 7 (1 < p < oc) with the norm

flxfip := [Zk:l I&-I”]” , X = (). Then the functional

oo
glx,y):= H.rlli_"ZIEkI”*'sgn(&)m. x:=(&). y:=(n) € ”.
*:l

15 a semi-inner product on €7 (1 < p < oo) (Giles 1967; Gunawan et al. 2008). Note
that, in general, g is not commutative.

Using a semi-i rproduug. Mlll(.-l(.. ( 1993b)1nlmcluccd the notion of g-orthogonality
onxgnely‘ : e ¢-orthogonal 1o y. Ay L, §if 26y = 0.
Note in an in C wm funct:onal g(z v) is identical with the inner
product {-, -}, and so the g-onhogonallty coincides with the usual orthogonality. In this
article, we will develop the notion of g-angles between two subspaces of a

space and dISCllSS llS pmpcmcs Wc wnll begin our discussion by studying the :ﬁ
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2 Main results

2.1 The g-angle between two vectors

From now on, Et{x 4+ ) be a real norf
nection with the notion of g-onogonahly _ w
in X, denoted by Ag(x, v), by the formula

Space, unlcsq o(hcrw:sc qtatcd In con-

RELY i via)

vectors ¥ @nd’
gy, x)
Ag(x, ¥) 1= arccos ————.
g% ) fxl - iyl

Notethat Ag(x, ¥) = 3'_:1 ifandonly if g(y,x) = Oory L. x.If X is an inner product
space, the g-angle in X is identical with the usual angle.

Proposition 2.1 The g-angle A, (-, -) satisfies the followin perties:

(a) If x and y are of the same direction, then Ay(x, y) = 0. if x and y are of opposite
direction, then Ag(x, y) = m (part of the parallelism property).

(b) Aglax, by) = Ag(x,y)ifab > 0; Aglax, by) = m — Ag(x.y) ifab < 0 (the
homaogen roperty).

(c) If x, — X (in the norm), then Ay (x,,¥) — A (X,¥) (part of the continuity
property).

Proof (a) Let ¥y = kx for an arbitrary nonzero vector x in X and k € R — {0}. We
have

kx, 2 k q i
Ag(x, y) = arccos 0o 2 arcco —IE%LIJ% & arccos
X K|

fhl - fkx f

If y = kx with k > 0, then Ag(x, y) = arccos(l) = 0. If y = kx withk < 0,
then A, (x, v) = arccos(—1) = .
(b) Leta and b € R — {0}. Observe that

ab - g(v, x)
labl(llxf - IyvD)

Aglax, by) = arccos

If ab > 0, then Ag(ax, by) = Ag(x, y). Likewise, if ab < 0, then Ag(ax, by)
II&I'H‘TLJE) Hence Ag(ax, by) = m — Ag(x, y).

the norm), then
lg(y. B < lvll - 8§ — xll — 0.

Observe that g(v, x, — x) =
Hence

© 1

) — Aglx, ).

Q Springer




136 Beitr Algebra Geom (2018) 59:133-143

as desired.
O

Remark 2.2 Since g, in general, is not commutative, the g-angle does not satisfy the
symmetry property. For instance, in €' with g(y. x vl 3 pe ) sgn(ni)é, take
x:=(1,1,0,...)and y :=(—1,2,0,...), so that i(v. ¥) = 0 # gy
= 2. Likewise, the g-angle does not satisfy the continuity property. For instance, in
£' with the above functional g, take y, = (%, 1.,0,...), xy = (1 + i L:0,.:)
=(0,1,0,...)and x := (1,1,0,...), so that we obtain g(y,, x,) - g(v,x).

2.2 The g-angle between a 1-dimensional subspace and a ¢-dimensional
subspace

Here, using a semi-inner product g, we will discuss the notion of g-angles between
two subspaces of a normed space. We first state the connecti tween the Gram

determinant I'(xy, ..., x,) = det[g(x;. x)], where g(x;, x;) 18 the kth element of
the ith row, god the lincarly independence of {x;. ... .2 tn} as in the following theorem.
Theorem 2.3 Let ¢ be a semi-inner | in X and {x;,..... wlCc B If
FilXts =0 5 X)) B0 then {X1y.qva4 tplis Imearh independent.

Proof Suppose, on the contrary, that {x;, .. is lincarly dependent. 'nlcn Lhcrc
is an index j with 1 < j < n so Cxj is a linear c on of
Sl - - x,. Here the jthcolumn of I is a linear combumuon of the
other columns. As a consequence, we have [(xy, ..., xp) = 0. Hence, {x;, ..., Xl
must be a linearly independent set. o

Remark 2.4 The converse of this theorem is not true. For example, take
p o= (1,2,0,...)and x; := (2,1,0,...) in €' with the usual semi-inner prod-
uct g. Clearly x; and x; are linearly independent. But one may check that

o0
g(xi xj) = llxill ) sgnlxi)xje =9
k=1

9 9

9 9I=().

fori, j=1,2, and hence I'(x}, x7) = l

We shall now define the g-orthogonal projection of y on subspace § as follows.

Definition 2.5 (Milicic 1993a) Let y be a vector of X and § = span{x;, ..., x,} be
subspace of X with " (x|, .. .. x,) = det[g(x;. xx)] # 0. The g-orthogonal projection
of y on §, denoted by ys, is defined by

0 x| ¥a
1 gxl. ) glxg. x1) ... glxy,X,)
Tl | i S Z '
800 ¥) g(neX)) ... g(¥a. X

€ Springer
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and its g-orthogonal complement v — vs is given by

q y X Xn
1 glxi. y) glx1. r:) gi,n.x..)
¥ P{xXis:.o Xn) . : e :

g{#'n‘ y) (B kD .. . g(x.. Xn)

Note that the notation of the determinant | - | here has a special meaning because the
clements of the matrix are not in the same field. Since

qx. y) glxi,x1) ... g (xi,xn)
g(x1. v) g(xx. x1) 8(4‘1»-?»3

i-('x;*.. ) g(x.‘.. ) ...z (x.'.x,.l

weobtainx; Ly y— ys foreveryi = 1,..., n. For example, if § = span {x}, then
the g-orthogonal projection of ¥ on x is
_ 85y
e

andy—y g-orthogonal complement y on x. Notice here that x L, y—y,. Note
» between two veclors in @ normed space is also the g-angle between
cmrs in I.hc sd:spacc spanned by them.

X,

Next 2 € X BEA finite sequence B arly indeper ors. We
can Lont.trucl aleft g-orthonormal sequence x7, . . ., x: wuh 'l : llnl and
X — (.'I.’*)_, _
X = e (1
flae — (xe)g,_,
where S; 1 = span {x},.... k=2 ,n. We observe that x; L, x/ for
| 7 T — n with & < [) (see Gunawan ctal 2005 Milicic 1993a).

Using the g-orthogonal projection, we define the g-angle between a 1-dimensional
subspace U = span{u} and a r-dimensional subspace V = span{v;...., v }of X
with['(vy,....v,) #0andr = 1 by

uy,u))?
e AU, Wy o= RN W) )

Hee 2 flaav 2

where uy denote the g-ortogonal prigiction of 4 on V.
Az (U, ¥) = 0.0One may observe that i
ofthe ¢ -angle ifi (2) and the usual definition of angle bclwacn two subapacc\ of X are

equivalent.

@ Springer
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If we now write u = uy +§with uy; is the g-orthogonal complement of u on ¥,
then (2) becomes
lluy |2

2
cos A (U, V)= ——,
# fuelf2

which tells us that the value of cos Ag(U, V) is equal to the ratio between the ‘length’
of the g-orthogonal projection of # on V and the ‘length’ of u. If X = €7 with the
semi-inner product g, then

ey Il
cos’ Ag(U, V) = —=L.
' 2

Therefore, a.n explicit formula for the cosine of the g-angle between a |-dimensional
subspace U = span{u} and r-dimensional subspace V = span{vy,...,v} of €7 can
be presented as follows.

Fact 2.6 If U = span{u} is a |-dimensional subspace and V = span{v,, .. .. v} isa
t-dimensional subspace of £P with T'(vy, ..., vy) # 0, then

2
. P
‘ l"in ] ‘gl 4

!
cos? AglU, V) = z z Z ('ﬂ!li" n Il‘,-'jilf"‘ ll\'xrill-,-l.' J)
14

ks | & il

Vejy --- Vrip Uty
uj, -..uy 0 |

where in each summation the index ranges from 1 to oo.

Proof Suppose that V = spanfv,...., v} with I'(v;, ..., v) # 0. According to
Theorem 2.3, {vy, ..., v,} is linearly independent. Using vf = ﬁh and so forth as
in (1), we obtain left g-orthonormal set Iv';. - tﬁNﬂﬁcc that span{uvy, ..., v}
= span{v], ..., v, }. Hence

0 vy e
I glvi.u) g(u,‘.%j;_-.

YT TRy ) : gy !

e

5

gV u) gl vl - g(vf )

@ Springer
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Observe that ' (v, ..., v/) = 1, and so

L
( 0 i vT}}+ i ®
by, u) g, vf) -
v = | 2_HER .
Jua || £ :
\ e w g ] -
1
( 2(ug g (5, v)) gvf ) [P\ 7
- E sfl’?-v?l---sfv,‘-vﬂ (v, u)
v‘hﬂ T l"U'.Hl 0
1
( g(u;_ U;, e g(u:" UT) v;j,,+| P\ r
;Z. B, V7)o QL vp) U
\ gl u) - g(vf u) 0 /

Hence, we have

10

g (hul) g () o, |

Nuy I3 1
2 r
cos~ A (U, V)= = E

¢ TH

l'

Hullp g vy - gluf. v)) Vit
gl u) -- g, u) 0

Je+

Since v = vy and g(x, y) is linear in y, we have

100

g, v1) -+ g(uf, v1) vijpy,

1

coszA,,(U. V)= Z

5 |
: : : l
e

glofou) ---glvy,u) 0

Next, substituting g(v', v) = |jv] II}",_‘" Z;. Iv& I""_'sgn(v,.':il ), and using proper-
ties of determinants, we obtain

Yhjp o Vi Yl

| : "
cos? Ag(lU. V) = z ZZ(—IH—- n|t’,-'hlpmlssﬂil‘,'”l) =
u 4 i=1 Urjy -

Jrat | g it U Vi
] oy 0

M 1

This proves the fact. u]

@ Springer
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Example 2.7 Consider ¢' with the usual semi-inner product g. Take U = span{u}
and V = span{v), 17}, with w := (1,2,1,0,...), v; = (1,0,0,0,...), and
v :=(0,1,0,0,...). We obtain

5 4 1
cos” A (U, V) = T3 Z Z Z sgn(vy j, )sgn(vaj,)
n n

Vlj Vija Vijy
V2 V2, V2p
uj, up 0

-i‘
- 2
1 1 I.'U'._. UU‘!
" Z Esgn(ugh) 0 vij,
L /3 n ] MD 0
(Tl oo 10 0l7° 5
- 1 oll+(lo 1 1]]] ==
6111 20 120 16

Hence, the g-angle between the two subspaces U and V is nrccos(%).

2.3 The g-angle between a nal subspace and a f-dimensional
subspace

In this section, we discuss the g-angle between subspaces U and V where
dimensional subspace and ¥ is a f-dimensional subspace with t > 2. First,
thefunction A (-, ) on XX by

1
z

3)

1 |glx, x)| lglx, v
AR, y) = :
(g » lg(y, )| |g(y, ¥

Note that ayateali roduct space (X. (-, -}), A(-, -) is identical with the standard
2-norm ||-, -|| which 1s given by
| o) 15 0|
B =1 ) 6. 3)

of the function A(-. -).

Proposition by (3) satisfies the following propertie
z x and y are linearly dependent, then

Af
(b) A(x,y) = Ay, x) foreveryx,y € X;
(c) Afex. ¥) =aAlx,y) foreveryx,y € Xanda € R:
(d) Alx, ¥) < lixll - iyl for everv x, y € X.

Proof (a) Using properties of determinants and the functional g, we have

4
(A, )% = xBiyi? = lgx. llg(v. 0 2 Mxi20vl? = ke )iy’ = o.

@_ Springer
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Let ¥ = kx with &k € R. Then we have A(kyv,y)
= VIkylIZiyIZ = gy, y)ig(y.ky)| =0
(b) Observe that

AL y) = xR = g, Milg (. O

=\ IIZix i — 1g(y. 0)Ig(x. ¥
=A(y.Xx).

(c) Observe that

AR Y= NI 1517 — |5 @) g (Rl

(d) Observe that

4]
A ¥) = BRIV IR = g(x »llgy. )1 < el - By,

as desired.
]

Remark 2.9 The converse ofpa.a) is not true. em take ¥ := (1,2.0....)
and y i= (2,1.0,...) in ¢' (with the semi-inner product g. as usual). Clcarly X
and ¥ are linearly mdcpcndcnt But one may check that A(x,y) = 0. Likewise,
A does not satisfy the triangle inequality. For example, take x := (3, l. ssds
¥ i (=2,0,0,.0. ) 2 =0, 2:0,:5) inm'l‘hcn we have jix]| = 4, ¥l = 2,
Bzl = 2,0y 20l =4, g(x,p) = -8, g(¥,2) = =6, g(x,2) = 8, g(z. %) = 2,
glx, y+2) =0, and gy + @ 8. Hence A(x.y) = 4, A(x.z) = 44/3, and

A(x,y +z) = 16, so that A(x %)

Using the 1 A(-, -), we now define the g- anglc een a 2-diménsional
subspace U := span{u;, u>} of X With A(u;, u2) # 0 and a 7-dimensional subspac
V := spanfvy,.... v} of X with T'(vy, . ... v) #0( > 2)by

(Aluyy, uzy))?

2
cos” A (U, V) :=
> s (A(ur, u2))?

4

where u; v denote the g-orthogonal projection of u;’s on V with i = 1, 2. Note that in
a standard 2-normed space, the definition of g-angle in (4) is identical with the angle
defined in Gunawan et al. (2005).

According to the following proposition, the definition of g-angle in (4) makes sense.

Proposition 2.10 The ratio on the right hand side of (4) is @ number in [0, 1], and it
is independent of the choice of basis for U and V.

Proof Assuming particularly that {u), u3} is left orthonormal, we have A(u), uz) = 1
aﬂd 2 2
(AGny. uav)? = ey P uay I = gy, w2v)Ig(uzy, uiv |.

&) Springer
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According to Milicic (1993a), we have [Ju;vll < |lu;]| for i = 1,2. Hence
(Auyy. usy))® < 1. Therefore, the ratio is a number in 3 1]

Secondly, note that the g-orthogonal projection of u;'s on V is independent of the
choice of basis for ¥ (Milicic 1993a). Morcover, §in¢e g-orthogonal projections are
linear transformations, the ratio of (4) is also invariant under any change of basis for
U. Indeed, the ratio is unchanged if swap u; and uy, replace u) with i} + aus, or
replace u) with auz where o # (. 0

3 Concluding remarks

The formula (4) can be used to compute the g-angle between two subspaces of £7 as fol-
lows. Let V = span{vy, ..., v} withI'(vy, ..., 1) # 0. According to Theorem 2.3,

{vr, ..., vr} is linearly independent. Using vf = ]-:’-h and so forth as in (1), we obtain
the left g-orthonormal set {vf, ..., v/} Here span {vy. ..., v} = span {v}..... v )

Hence, fori = 1, 2, we have

0 ul“ ooa v:’ R(vr- U;) R g(vl" vl‘] UT

g ui) gvy v]) -+ g}, v))
Uiy = — 1. . v

: : : 3 gl vt) - g(vf, vf) vy -
g(vf u) guy, vy) --- gvf. ) g(vy, uy) - g(v},u) 0

Since v] = vy and g(x. y) is linear in y, we obtain

g(vj.vp) -+~ g(vf, vy) v
iy = — . . o * :
R(l’]vur.) "'g(lf,.l-';) L]
gl ui) -+ g(vf ui) 0

Substituting g (v}, v;) = [y} [I?,‘P zh [up. 1P~ Tsgn( v;ﬂ)v;jp we get

kJi
ULj ter Ul Ul
- * -1 * * p—1 *
uiy ==Y o Ivfy 1P sgn ]y g 1P sgmCu) | D
Jr Ji Ujy =+ Yy U
Wij, -+ Ujj, 0

Using this formula, the value of cos® A (U, V) (and hence A (U, V)) can be com-
puted. For instance, in €' (with the usual semi-inner product g), let U = span{u, u2}
7 V = span{vy, vz, v3} withu; = (1,1,2,3,0,...), u3 := (2.1, -3,2.0,...),
v = (1,0,0,0,0,..), v; = (0.1,0,0,0,...), and v3 := (0,0,1,0,0,...).
We obtain vy = (1,1,2,0,0,...) and w2y = (2,1,-3,0,0,...). Moreover,
lurll = 7, luall = 8, gluy. uz) = 14, gluz, uy) = 24, lugvll = 4, fluavll = 6,
gluyv,uzyv) = 0, and g(uav.u1v) = 0. Thus cos2A,(U.V) = 1‘%. so that
Ag(U, V) = :m:cos(]%-,m).

&) Springer
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