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Abstract — We discuss angles between two subspaces of an inner uct space. This paper is an
extension of the work by Gunawan et alef]. We present an explicit formula for angles between two
subspaces of an n-inner product space. Morcover, we study its connection with angles in an inner

product space.
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1. INTRODUCTION

In an inner product space, we can caleulate angles between two subspaces. Sinee the 1950's, the concept of angles
between two subspaces of the Euclidean space RY has been studied by many researchers [2]. Application of angles
between two subspaces in an inner product space can be found in the ficlds of computing and statistics. For example,
measuring the similarity of images of three-dimensional objects is invariant under the displacement of the object
and the physic of the camera [8]. In statistics, the angle between two subspaces is related to canonical (or principal)
angles which are measures of dependency of one set of random variables on another [1]. In 2001, Risteksi and
Trencevski [10] introduced a definition of angles between two subspaces of R4 using determinant Gram and
r:xplzlincr.gu:ir connection with canonical angles. Gunawan ez al. [6,7] refined their definition and gave the
formulas for angles between two subspaces in an inner product space of arbitrary dimension. They also explained
the connection with canonical angles by using elementary caleulus and linear algebra and some application
examples.

Let (X,{-)) be a real inner product space. 1F U = span{u} is a 1-dimensional subspace and V = span{vy, -, v,}
is a ¢-dimensional subspace of X, then the angle between subspaces U and V is defined by 8 with0 < 6 < gand
(uuy)?
el
[7] showed that the value of cos 6 is equal to the ratio between the length of the projection of w on V and the length

7 z o lhyl?
of u (cns 8 =E
subspacegpt X that ntersects on (p — 1)-dimensional subspace W = span{w,, -, w,} with p = 2 then the value
of cos 6 ¥Wequal to the ratio between the volume of the p-dimensional parallelepiped spanned by the projection of
U, Wy, -, Wy, on V and the volume of the p-dimmai&ml parallelepiped spanned by u, wy, -+, wy [7].

cosfl = In formula, 1, denotes the (orthogonal) projection of u on V and ||l = €. Gunawan et al

)‘ Likewise, if U = span{u,wy, -, w,} and V = span{v, Wy, -+, w,] are p-dimensional

In this paper, we will give some explicit formulas for angles between two subspaces in various cases of an inner
product space of arbitrary dimension. Tt research is a further development of the work of Gunawan ef al. In the
ne ction, we will formulate angles in an n-inner product space and will show the connection between angles in
an mner product space and in an n-inner product space.

2. METHODS

We have @ method to obtain the result in this research. The first study, we study about angles between subspaces in
an inner product space and give some explicit formulas, After that, we will formulate angles in an n-inner product
space. To obtain the result, we use norm equivalent for showing the connection between angles nan inner product
space and in an n-mner product space.

3. I&SULTS AND DISCUSSION
3.1

In this subsection. we will discuss angles between subspaces in an inner product space. Let (X, (--)) be an inner
product space and consider the standar n-inner product

Angles between subspacgs in an inner product space
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as in [4,9]. Then. the t‘nluing function ||xy,..., x,ll: = (x;,xllxz,...,xn)% defines the standard n-norm.
Geometrically, ||x,,...,x, || represents the volume of n-dimensional parallelepiped spanned by x,,...,x,
(see[4,5]. Using definition in [7], we will determine an ormula for the cosine of the angle between subspaces U
and V that infggsects on subspaces W oof (X, (1)) as follows,

Proposition 1. Let (X, () be a real inner product space. If U = span{u,w,, -, w.} is a 1 + r-dimensional
subspace and V = span{vy, =, vy, wy, -, W} is a (g + r)-dimensional subspace of X that intersects on r-
dimensional subspace W = span{w,, -, w, ) with g,r = 1 then the angle between subspaces U and V is 8 with
2 Wikl . .
cos = ﬂiﬁ-"— where (u¥){ and ufy are the orthogonal complement of u” and u. respectively, on W.
Uiy

Proof. The projection of 1 on V is u” Next, we may write u” = (1) + (1" )g where (1Y), is the projection of
w¥ on W and (1Y) is the orthogonal complement of 4" on W In line with this, we may write u = iy, + uyy where
iy is the projection of u on W and ug, is the orthogonal complement of 1 on W. Using the standard (1 + r)-norm,
we obtain

2 , , 2
cosili i|||v.w\.---.w. ||l-, _ H(u")wqu‘ )ﬁ,,w". .wr||‘"_

ey wrllZ ey Juw +udyw;. _W,;|f"
Y willEe I I
oy, w4 gy I1?

2 .
This formula tells us that the value of cos @ is equal to the ratio between the length of the orthogonal complement
of 1Y on W and the length of the projection of 1 on W. More generally, the angle that intersects on subspaces W=
span{w,, -+, w,} of X is poured in following theorem:

Theorem 2. Let (X, () be a real inner product space. If U = spanfuy, .y, wy, o W, ] s a (p+ r)-
dimensional subspace and V- = span{vy, -, vy, wy, - Wyl isa (g + r)-dimensional subspace on X with p < q that

intersects on r-dimensional subspace W = span{wy, -, wy} with v = 1 then the angle between subspaces U and
Vis 8 with

V)i Vit
2 Nty des - Cup il : .
cos ) = —————E \vhere (uf )iy and ()i are the orthogonal complement of ul anduy, respectively, on W

[lceen ) -k“plﬁ'"p
Jori=1,.,p.

Proof. The projection of 1, on V is 1} . Next, we may write uf = (1! )y + ()i where (uf )y is the projection of
u} on W and (u} )i is the orthogonal complement of u} on W. Inline with this, we may write t; = (u)w + (u)
where (1) 15 the projection of u; on W and (1) is the orthogonal complement of ug on W fori = 1,-, p. Using
the standard (p + r)-norm, we obtain

v v 2 v Vil ¥ vid L
ful. - apwyowrl B Juy dw +(u3 dre - dupdw +H{updiy Wi -Wrﬂp"

cos’d = L= < = :
Uy Mp Wy, ,w,ﬂpr, g e+ (00D -[Hp)w*("p)w-“’:-"-er',.,

Nl b wa - w2 et . bl
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32 ﬂngles between subspacgs in an n-inner product space

In this .\‘uecliun, we will discuss angles between subspaces in an n-mner product space and its connection with
angles in an inner product space. Let (X, (. | -,...,)) be a real n-inner product space with n = 2. Fix a lincarly
independent set {a,,....a,} in X withrespect to {a,,....a,}, define the function ()" by

x,y) = Zu,.‘...l,.]':l|.m,u|(1’.y|.f-!rz---~-Uf,,)
for cach x,y € X. According to [3], the function {x,y}" defines an inner product on X. Moreover |Ix]I" =
1

0z, . . 7 F
[2“,,«,.,‘1;‘|,_,“,.|||x, @ppuenn U.“" I' defines a norm that corresponds to an inner product ()" pada X. Next, using

an inner product {1}, we have a new standard n-inner product (- | +,-..,")" on X, namely
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(Xg, Xy | Xz, Xp) = (xz’.x'> { Eh 2) " (Xz,.l',,)
(xn-xl)' (IJIIXZ). o (xn-xu)‘
1
and a new standard n-norm [|x,,..., ¥, [|": = ((x,, X, |xz,..., X,)")2. Furthermore, one may also use an inner product
{-)" and its induced norm to study the angle between subspaces in an n-inner product space. As in [7] with the new
standard n-norm, we define the angle between subspaces in an n-inner product space.

Definition 3. Let (X, (. | +....))) be a real n-inner product space. If U = spanfu,, -, up) is a p-dimensional
subspace and V = span{v,,---, v, ) is a q-dimensional subspace of X withp < q, then the angle between subspaces
7 2
VooV
““1- -“plp
("“l- ‘“p”;}

and ||+, -+ I}, denotes the standard p-norm on (X, (,)).

U and V is defined by 8 with cos*8 = where u! denote the projection of won V for each it = 1, p

According to Definition 3. for case p = g. we have an explisit formula the cosine of the angle @ that can be obtained
as follows.

Proposition 4. Let (X, (. |+....)) be a real n-inner product space. If U = spanf{u,, -, u,} and V =
span({v,, -, v,} are p-dimensional subspaces of X then the angle between subspaces U and V is 0 with 0(2159 =
(det [t e
(”"1‘ '-“p|;):(”l*|-"-"pu;)

Proof. The projection of uy on V for i = 1,---,p may be expressed as ul = X8, @y vy, Observe that

T -

(ul', “:) ={u ) = Ep., an v
fori,j = 1,-,p. Hence we have

P . P .
5 o @ () By @pe (1, v)

(lat - ll)

L 1 @k (up' Uk). Efﬂ Apkc ("’p' Uk)

vy - {unw) @ o @

(Y B UM A L

Because of (u,_v,)‘ = (u},v,) withi = 1,-+,p, we obtain
a, v Ay

(ug, vy)" o= (uirup)‘ (v, vq)" o (Vl'vp).

(pvy) = (upvp) @py ol (v, v,) ()
Consequently, we have
(ug.vy)” o {u,.v,,)' !
("“‘{‘“:"F) _ (up.ul)' {up‘vp}' {d"l("lw).l)z

(lu..-- .u,,ﬂ;,)z B (lu..- .upl;)z("w, .I)p";,}"g B ("“l-" -"pu;)z(l"lA"‘-"P“;)z-

Next, we will determine a formula for the cosine ofthe angle between subspaces U and V' that intersects on subspaces
W of (X, (. | ....-)). The formula for the angle U = span{u, w,, - w, ) and Vo= span{vy, -+, Vg, Wy, -+, Wy ) can
be obtained as follows.
Proposition 5. Let (X, (| ....)) be a real n-inner product space. If U = spanfu,wy, -, w,}is a (1 +7)-
dimensional subspace and V = spanfv,, -, v, wy, -, w ) isa (g + r)-dimensional subspace on X that interscets
on r-dimensional subspace W = span{w,, -, w,} withr = 1 then the angle between subspaces U and Vis (0 =
2
(lel’)
———
(lugl’)

0 < E)‘ with cos2@ = where (") and ud, are the orthogonal complement of u” and u, respectively,

on W,

Proof. Writing " = (") + (") and u = uyy + u, and using the new standard (1 + r)-norm. we obtain
oz W W)t I Dy + (Wi Wl )
540 = . = 5
U, wy, = wi Iy )2 ey + iy, wellis,
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(Ml wy, o owellin ) (lugl)?
More generally, using Definition 7 and following the proof of Theorem 4, the angle U = span{u,, -+ .upy, wy, W)
and V = span{p,, -, vy, wy, -, W, } with p < q can be obtained as follows.

Theorem 6. Let (X, (.- | -...,)) be a real n-inner product space. If U = spanfu,, -, wy,wy, -, W} isa (p +71)-
dimensional subspace and V- = span{vy, -, vg, wy, - W} isa (g + r)-dimensional subspace on X withp < q that
intersects on r-dimensional subspace W = span{w,, -, w, } with r = 1 then the angle between subspaces U and
Vil vie)
_ i (et o - ki )
Vis (08 < ;), with cos?f = ——F= ),. where (W) and (u)iy are the orthogonal complement of u)
(Do Cupdivl,

and uy, respectively, on W for i = 1,-,p.

Before we discuss the connection between angles in an inner product space and in an n-inner product space, we have
equivalent normon (X, {-,)) withnorm ||-||” where {ay,..., @, } arean orthonormal seton (X, (-, | -,...,-)) as follows.

Proposition 7. [6] Norm ||-||" equivalent with the norm that corresponds to the inner product ||| on (X, ().
Namely, , ||x|| < lxll* < Vallx|l forevery x € X,
From this proposition, we have the connection between angles in an inner product space and in an n-inner product
space, namely
Theorem 8. 1/ 0 is the angle between subspaces U and V of (X, () and 8" is the angle between subspaces U and
Vof (X,( | .., Nwithdim U=1+r.dimV=q+rforgz1 and dim (U n V) =r forr 2 1 then
:‘-coszﬂ < cos*0" < ncos?o.
Proof. Writing U = span{u, wy, =, w,}. V = span{vy, -, vy, wy, -, Wy} and U NV = span{w,, -, w,}. Next,
using Proposition 7, we have
()il " )& N?  alle")iwll?

, e R (P E T

with (u*){ and u, are the orthogonal complement of u¥ and u, respectively, on W. According 1o Proposition |

.
2 (il 2 vyLy? \
and 3, we have cos 8" = %_l-—)‘)'“"d cosf = L(er)‘ﬁL Hence, we obtain ;cos’ﬂ < cos?0" < ncos?0.
I]uwu Uiy

2 2
By Theorem 8 for = 1 Ee value of cos 8" is equal to the value of cos 8. Nevertheless, the upper bound of cos 0"
for n = 2 is inappropriate because its value is greater than 1. 1M cos 8 = 1 then the lower bound of cos 6° is %

4. CONCLUSIONS

We have given a formula for angles between two subspaces U and V that intersects on subspaces W of an inner
product space of arbitrary dimension. Moreover, we have given a formula for angles in an n-inngfproduct space.
Using this result, we have proved the connection between angles between two subspaces U and V in an inner product
space and in an n-inner product space where dim U = 1+, dim V=q+r forq=1and dim (UnV) =r for
r = 1. Acknowledgement. The research is supported by ITB Research and Innovation Program 2017,
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