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1. Introduction

On a normed space (X, || - ||), let g : X — R be the functional defined by the formula

1
8(0,y) = S|kl [7+- (6. y) +7- (63l
with
- et ayl — 1]
T4 (x,y) = lim ——————.
+(x) tau(])li t
Then, one may check that g satisfies the following properties:

(1) g(x,x) = ||| for every x € X;

(2) g(ax,By) = apg(x,y) forevery x,y € X and a, ff € R;
(3) glx,x+y) = ||x|]> + g(x,y) for every x,y € X;

@ lg(xy)l < [IH[ |yl for every x,y € X.

Assuming that the g-functional is linear in the second argument then [y,x] = g(x,y) is a semi-inner product on X.
Note that all vector spaces in text are assumed to be over R. For example, one may observe that the functional

g(e,y) o=l P Y bl sgn (o) v, x 1= (), = () €4
k
is a semi-inner product on /7, 1 < p < oo [1].

Remark 1.1. Note that not all vector spaces have the property that the g-functional is linear in the second argument. If the normed space is
smooth, then the g-functional is linear in the second argument. A normed spaces with the property that the g-functional is linear in the
second argument is referred to as normed spaces of (G)-type [2].
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By using a semi-inner product g, Mili¢i¢€ [3] introduced the following orthogonality relation on X: x is said to be g-orthogonal to y, denoted
by x L, v, provided that g(x,y) = 0. For more recent works, see in [4, 5].
Recently, Nur and Gunawan in [6] defined a 2-norm on X by

. gb,x)  gly2,x)
X1 ,X2 = sup 1
bt 22l Iyl<t,i=12] &01.x%2)  g(n2,%2)

Similarly, we can define an n-norm (with n > 2) using the semi-inner product g on X. An n-normon X is amapping ||-,...,-[| 1 X x--- x X —
R which satisfies the following four properties:

(1) |lxy,...,%,]| = 0 if and only if xy, ..., x, are linearly dependent;

(2) |lxt,- .. ,x,|| is invariant under permutation;

3 |laxi, ..., x|l = |et||lx1,- .., xn| for every xi,...,x, € X and for every & € R;
(4) I|xI - St 1x”_] ‘y+zl| E I|xl - dbrol Ixn_l ‘y” + ||xI - ity .‘x"_] 3‘2” l-or every x!y.‘z e X‘

The pair (X, ||-,...,-||) is called an n-normed space.
The theory of 2-normed spaces was initially introduced by Gihler [7] in the 1960’s. Meanwhile, the theory of n-normed spaces for n > 2 was
developed in [8]-[10]. See [11]-[15] for recent results on this subject.
On the space #” of p-summable sequences, where 1 < p < oo, the following n-norm

1
g, ot X L

1 3 ‘
Ix15- - - xnllp == ;ZZ abs| @ .l (1.1)
ki kn
Xaky  ccc Xk,

is defined by Gunawan in [16]. As shown in [17, 18], this n-norm is equivalent with the one formulated by Géhler in [8]-[10], namely
LYy o0 LX1Ynk
k k

”xl:"'!xn”fp == sup : : i (1.2)

Wl <ttt | . :
Yxadix 0t LX%akVak
K X

where p’ denotes the dual exponent of p. Precisely, we have the following theorem.

Theorem 1.2. [19] Forevery xy,...,2a € €7 (1 < p < o), we have

1_q L
(nD)r ™ sz, < ||Jr|,...,Jc,,||:U < ()7 [lxry s 3l

In this article, we shall first prove that, on £ (1 < p < o), the new 2-norm ||-,-||, is equivalent with the 2-norm ||-,-|| , which is defined in
(1.1). Using this result, we can prove that the 2-normed space (¢7, ||-,-||) is complete. We then extend the result for all n > 2.

2. Main results

Before we discuss the equivalence between the two 2-norms on £7 (1 < p < o), we need some definitions. Let (X, || -||) be a normed space.
We define the g-orthogonal projection of a vector y on a subspace § of X as follows.

Definition 2.1. [20] Let y € X and § = span{x|,... Xy} be a subspace of X with T'(xy,...,x,) = det[g(x;,x;)] # 0. The g-orthogonal
projection of y on 8, which we denote by yg, is defined by

0 x1 .- Ko
A 1 gln,y)  glayx) oo glx1,xm)
S )| 4 : 2 ’
8(xmy)  8Cemx1)  -o- 8(XmyXm)
and its g-orthogonal complement y — yg is given by
y X1 S Xm
1 glx,y)  glxxg) o glxg,xm)
TR )| P
8(xm,y)  glxmyx1) - g(ximyXm)

Observe here that x; 1, y—yg forevery i=1,..., m. Note that, if § = span {x}, then

)
TR

and y — yg is the g-orthogonal complement y on §. It is clear here that x L, y —yg.
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Next, letxy,...,x, € X be a set of n linearly independent vectors. We may construct a left g-orthogonal sequence x7i,. .., x;, with x] :=x,
and

X =x—(xi)s, .

2.1

where §;_; = span {x},...,x7 ;} fori=2,...,n. Observe here that x} L, x; for i < j (see [15, 20]).
For X = ¢P (1 < p < o), we have relation for the n-norm ||xi,...,x,||, and the ‘volume’ of the n-dimensional parallelepiped spanned by

[X1ye - X} in €2, namely V (xi, ., x,) = 1T 1]
=1

p» 88 follows.

Theorem 2.2. [19] Let {xy,...,xn} be a set of linearly independent vectors in €P (1 < p < o). Then we have
1_ .
B2 ot s Xally SV (e i) < ()7 o1 5l

Jor any permutation (iy,.. .,ia) of (1,...,n).

Note that the value of V (xy, ..., x,) may not be invariant under permutation of (xi,...,x,) because g(-,-) may not be symmetry. The above
theorem states that all possible values of V (x;,, .. ., x;,) lie between two multiples of ||xi,...,%||p, independent of the permutation.

2.1. The equivalence between two 2-norms

Let us consider Gunawan’s definition and Gihler’s definition of 2-norm on £ (1 < p < o), namely:

1
rlr
Xk, Xk
X, 23], = abs ! 2
b= [ (o 2 22 ]
and
)k:llkylk %Ilk}’?.k
"xl ,xg”:,, = sup
lylly<t 12| EX2R0k DXk
Meanwhile, Nur and Gunawan’s 2-norm is given by
B2 o 2 i
[yl p%l}’lkl'ﬂ sgn(yi e 2l p§|y2k|" Tsgn (yo)x 1
lx1,%2ll, , =  sup 2- i 2— -
TP <=2 Il "%Iml” Usgn(yu)xa  [y2llp "%Iml” Vsgn (you )xax

Remark 2.3. Using properties of determinants, the above 2-norm may be rewritten as

1 2

sup [Tivis*Y

Il <1, =12 2 j=i o

X1ky
IZk.

Xk,
X2y

[yix, [P~ sgn Eyu.;

[Vik, [P~ sgn Eyqu
byak, [P~ sgn (o,

[ya, [P~ sgn (you,

[lx1, %2l =

For p =2, we observe that

Yk
2k

Mk
Y2k,

X1k,
J‘Z&I

Xlka
X2k,

]
bumlp=  sp  AYY
S st im122 %%

One may then verify that the three 2-norms ||-,|ly, ||-,-| and ||, || 2 are identical (see [6, 12]).

For other values of p, we have the following theorem.

Theorem 2.4. For every xy,x3 € £P (1 < p < eo), we have

L L
207 |zl < llxn,22lle,p < lbersx2 [l < 27 [x1, %2l -

Proof. For j=1,2, let y; € £P with |ly;[|, < 1. Take u; = (uj) with uy = ”yj”?,_‘"|yjk|f'_'Sgn(yjk). We observe that u; € ¢ with
il = Il As & consequence, we have [j1, a1l < [ 32l By using Theorem 1.2, we obtain

1
llx1,%2llg,p < llx1,22]l}, <27 [lx1, %2l p-

Next, assume that {x1,x2} is linearly independent. Using the process in (2.1), we obtain the left g-orthogonal set {xT,x;}A Then, by Theorem
2.2, we have

1
20 |lxy, x|, < V(x5 22) = [l ], 23], -
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Forj=1,2,letyj= ";x.ln; so that |[y;||, = 1. It follows from the properties of semi-inner product g and matrix determinants that
1

T 1 coremcw
snx) g02m) | _ | TR ;84:4) G ,803,%1)
g, xm)  gln2.x) mg(r? X5) mg(xi,x%)

il p 16211, = V (o1, 2)

IV

L
277 lx, %2l -

L i E 3 3 i
gp = 2F I||th| ,%2|| p- Combining with the previous inequalities, we have

By the definition of ||-,- ||z », we conclude that [[xy,x; |

14 1
207 szl < Ixasxallg,p < Iy 2all < 27 [l %2

Note that if {x;,x2} is a linearly dependent set, then all the 2-norms are equal (), and so we have the equalities. O

Corollary 2.5. For 1 < p < oo, the three 2-norms ||-,-||g.p, |-, Il and ||-,-|| p are pairwise equivalent.
Since (£7,||,-||») is a 2-Banach space [1], we obtain the following corollary.

Corollary 2.6. For 1 < p < oo, the 2-normed space (£F |

. -||g‘p) is a 2-Banach space.

2.2. The equivalence between two n-norms

All results in above subsection can be extended to n-normed spaces for any n > 2. Suppose that g is a semi-inner product on (X, || - |).
Consider the following mapping ||-,. .., -||g onX x---xX:
ghx) o glmx)
[l ,xn”g = sup : : = sup det[g(y j,x;)]- (2.2)

Iy <1, j=1, Iyl <1, =1,

g(ylsxn) S(J’n,xn)

L3
If [lyj]l < 1for j=1,...,n, then det[g(y;,x;)] <n! [] |lx;||. Note that the factor n! comes from the number of terms in the expansion of
i=1
det[g(yj,x;)]. The following fact tells us that ||, ..., ||, is a finite number.

Fact 2.7. The inequality

n
1, xalle < m! ] Il
=1

holds whenever xq,...,x, €X.

Moreover, we have the following result.

Proposition 2.8. The mapping (2.2) defines an n-norm on X.

Proof. It is obvious that, if {xy,...,x,} is linearly dependent, then we have ||x;, ..., x,||g = 0. Conversely, if |xq,...,x4|[; =0, then the
rows of the matrix [g(y;,x;)] are linearly dependent for every yy,...,y, € X with ||y;|| <1, j=1,..., n. This happens only if xi, ..., x, are
linearly dependent.

Next, by using the properties of supremum and matrix determinants, we obtain the invariance of |xy,...,x|| g under permutation. Furthermore,
we have [|otxy,...xu]l, =[] [lx1, ..., x|, for @ € R.

Finally, for arbitrary xp,x1,...x, € X, we obtain

gbn,xotx1) o gymxo+x1)
[0 +x1,-- e = sup : . :
e P O )
gy, %) -+ glm,x) gy, x) - g(ymy)
< sup + sup : T, :
PASWSEA] domad ~o mlwm) | PP pbia) o glu)
=[x, xallg + %15, %l g
This completes the proof. O

The following theorem holds for an inner product space (X, (-,-)).
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Theorem 2.9. If (X, {-,-)) is a real inner product space, then the two n-norms ||-,...,-||g in (2.2) and ||-,...,-||s given by
Gx) o Qaexm) |2
”xl:"':xﬂn-\' =
(I],In) ha (xn:xn)

are identical.
Proof. On the inner product space X, the functional g(-,-) is identical with the inner product (-, -). Therefore,

Gx) - Omex)

||I|,...,x,,||g: Suy - - -
il <1, =1,
Iyl <1, el on Bl
Now, applying the generalized Cauchy-Schwarz inequality [21] and Hadamard’s inequality [22], we get

Ity eszallg < sup %y -osxallslyas - Valls < Bers--- o Xalls
vill<t,j=1,..n

Conversely, suppose that {x1,...,xn} is linearly independent. Using the Gram-Schmidt process, we get the orthogonal set {x{,...,x}.
Because the determinant of the Gram maitrix of a linearly independent set being equal to the Gram matrix of the associated orthogonal

set (obtained using Gram-Schmidt process), we have [|x1,... % |ls = | ,....x, s = | ]|-- -l |l For j=1,...,n,lety; = ﬂgﬂ so that
i

[yl = 1. Then, by the properties of the inner product and matrix determinants, we obtain

(yhxl) ()’mxl) 0’1:3’1) (y,,,f;) 1 (rl, :J'J;) (J'Jr'r:r;)
ST i ISP (=1 o | RN
@I:xﬂ) ()’mln) ()’l ,I:,) ()’mlf:,) (r], :x:x) (I:‘,I:‘)
= |l Il =, - xallse
Thus, ||xy,...,xllg 2 [|x1, - .-, %||s- Hence we conclude that ||x;, ..., x,||g = |[xq,.. . ,x||s whenever {x;,... x,} is linearly independent.
If {x1,...,x,} is linearly dependent, then [[xi,..., x|l = [[x1,....%alls = 0. O
Remark 2.10. Note that, in an inner product space, we have the well-known Hadamard's inequality {22
e - xallg = lers - s alls <l ll - fla
which is better than that in Fact ??.
For X =#F (1 < p < o), we rewrite the formula in (2.2) as
) -+ glmyx)
||I] P B :Iﬂ'l a.p = sup : # 5
il <1, i=1,...,
D<=l | ) e g Om)
Substituting g(y;,xi) = ||y; ||J?,_"):',|yj-;< |"’_'sgn(yjk}x;k and using the properties of determinants, we have
k
3 = 2 =
lIyillz™ %b’lk“’ sgn(yu)xi o lyallp ” §|ynk|" Usgn(yu)x 1k
||x|:"':xn||g‘p = Wl Slu g - %, '
il =t j=Tyn : _
" el £l 'sgatmdxm - Iyl Elyarl? ! sgn(rme) v
k k
W i Xk o Mk,
= sup Iy5 7Y Y T vl 'sen (m,-) : (2.3)
il <t =1, j=1 ko k=1
Xy Xnk,

Corollary 2.11. For p =2, the three n-norms ||-, .. -|2 in (1.1), ||-,.. -]} in (1.2) and |-, ..., -||g2 in (2.3) are identical.

For p # 2, we have the following generalization of Theorem 2.4.

Theorem 2.12. For every xy,...,x, € £F (1 < p < o), we have

1_9 1
(H!)P ||I],...,I,,I|p S ”II: "'1xﬂl|81p S ”xls--- !x"”;) S (HI)P ||I|:"':xnl|ﬂ'
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Proof. Foreach j=1,...,n,lety; € £ with |[y;||, < 1. Then take u; = (u;,) with uj, = ||yj||f,_"|yjk|f’_' sgn(y;x). We observe that u; € o

with |[u;]|y = |lyj|l, < 1. As a consequence, we have

||.t| 7o ,x,,”g,p < ”Il g 11"”;; .

By using Theorem 1.2, we obtain
1
”xl S :xn”gd' < "xl §ies :xn”;; < (Hl) i "xl yian :xn”P'
Conversely, suppose that {xy,...,x, } is a linearly independent set. Using x§ = x; and so forth as in (2.1), we obtain the left g -orthogonal set
{x},-..,x; }. Then, it follows from Theorem 2.2 that

1o
()7 "z xall, <V xe) = X, gl -

Forj=1,...,nlety;= ﬂ%’ﬂ; so that |y;||, = 1. Next, using the properties of matrix determinants and the semi-inner product g, we have

1 (et * 1 fe® o
gvi,x) - glm,x) xfp‘!»(xl:xl) I F‘S(xmxl)
g1, %) - g(myan) PR TE N v G
= x5l Ikl = V(xr,. .., x)
11
= {H!)P ||xl!"'!x”||pl

1
whence [|[x1,...,%u|lg.p = (nt)r ", ... +Xu p- Combining with the previous inequalities, we obtain

11 1
(=2 et sl <o allgp < et 3l < (017 et %l

If {xi,...,x,} is linearly dependent, then all the n-norms vanish and so we have the equalities. O

Corollary 2.13. For 1 < p <oo, the three n-norms ||-y....-|l, oo |-y -}, and ||-,....,-|| , are equivalent.

Knowing that the space (¢7, |-, ...,-||p) is an n-Banach space in [16], we have a generalization of Corollary 2.6 as follows.

Corollary 2.14. For 1 < p < co, the space (£ ||-,...,||g p) is an n-Banach space.

3. Concluding remarks

In this paper, a new n-norm is defined using a semi-inner product g on £ for 1 < p < eo. Accordingly, on the space £ (1 < p < o0), we
have three different n-norms, namely Giihler’s n-norm ||-,...,-||}, defined in [8]-[10], Gunawan’s n-norm ||-,... ||, defined in [16], and
[I-,--.]lg,p defined here in (2.3). In Corollary 2.13, we have just seen that the three n-norms on £” are equivalent. As expected, the case
where p =2 is special. Here, the three n-norms on #2 are identical.

In addition to the above three n-norms, we also have a formula for another n-norm using the semi-inner product g on £7 (1 < p < eo), namely

gbxr) - glvmxr)
||I]:"-:In”;,p — sup i T :
Lyeees¥nl|p S
b= o) oo g(ms)
; 2 - "
Since g(yj,x) = lvjllp "%h}kl"’ !sgn(yjx)xix, we obtain
5 145 5
||x| 1+ 9 n ||g‘p = sup S I—[ ||yj:||p Px
[¥tseeaymll, =1 7 =0
i P "sen (vigy) o il Tsen ) || 2w 0w
o35 | R e W,
' IYMMIP_ISgn (yrrh) i Iynk.. Ip—lsgn (yn.k,.) Kk, o Xpk,

Note that, for p =2, we have |jx1,...,xnl[g2 = [[x1,...,%n] ¢ 5. For other values of p, we can show that

g1
ety tnllg < (W2 H - 5l
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Indeed, assuming that xy,... ,x, are linearly independent, let xj,...,x}, be the vectors obtained from xi,...,x, through the process in (2.1).
By taki ;= s j=1,...,n), btai = 1. Next, using th erties of matrix determinants and the semi-i

y taking y; T (j=1,...,n), we obtain ||y ...,y p ext, using the properties of matrix determinants and the semi-inner
product g, we have

(o, x7)

ég(f‘f) +3
g, x1) oo glymx1) A oo 1 Yl

] E | 3 . . i
S(yl.‘xn) T S()’m-fn) mg(ﬁ ,X;) mg(x;,x;)

(B %1

”Ii]“ s !I;”P .
. -1 . .
Since [[x1,. .., x|, < R “xTHp-- |lezll, by Theorem 2.2 and [|xf, ..., x5l p = [Fx1, - - % || p, We obtain
2
22
lxt,..oxallgp > (n1)P " I, ...,xn||p.
Moreover, using Theorem 2.12, we have
-1
ety X lle,p < ()77 [, xnllg, -
It follows from this inequality that the convergence of a sequence in ||-...,-||; , implies the convergence in ||, ..., -|g,p, and hence also in

I,---,*|lp- Unfortunately, up to now, we do not know if the converse is true.
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