
Engineering Analysis with Boundary Elements 84 (2017) 186–190 

Contents lists available at ScienceDirect 

Engineering Analysis with Boundary Elements 

journal homepage: www.elsevier.com/locate/enganabound 

A boundary element method for a class of elliptic boundary value problems 

of functionally graded media 

Nasaruddin Salam 

a , Amiruddin Haddade 

b , David L. Clements c , Moh. Ivan Azis d , ∗ 

a Department of Mechanical Engineering, Hasanuddin University, Makassar, Indonesia 
b Department of Physics, Hasanuddin University, Makassar, Indonesia 
c Department of Applied Mathematics, University of Adelaide, Australia 
d Department of Mathematics, Hasanuddin University, Makassar, Indonesia 

a r t i c l e i n f o 

MSC: 

65N38 

Keywords: 

BEM 

Elliptic BVP 

FGM 

a b s t r a c t 

A Boundary Element Method (BEM) is derived for obtaining solutions to a class of elliptic boundary value prob- 

lems (BVPs) of functionally graded media (FGM). Some particular examples are considered to illustrate the ap- 

plication of the BEM. 

Crown Copyright © 2017 Published by Elsevier Ltd. All rights reserved. 

1

 

s  

f  

m  

r  

f  

B  

m  

a  

i  

[  

[  

 

w  

h  

a  

w  

F  

a  

e  

c

m

w  

c

 

f

 

E  

b  

p  

g

 

g  

t  

l  

l  

o  

B

2

 

i  

n  

a

h

R

0

. Introduction 

Whereas the BEM provides an effective numerical procedure for the

olution of BVPs for homogeneous media the same is not generally true

or inhomogeneous media. In the case of the inhomogeneous media, the

aterial is assumed to be a functionally graded material, i.e., the mate-

ial properties vary spatially according to known smooth functions. BVPs

or such media have governing equations with variable coefficients. A

EM for 2D diffusion-convection problems in homogeneous anisotropic

edia has been recently considered by Haddade, Salam, Khaeruddin

nd Azis in [17] . In recent years some progress toward finding numer-

cal solutions to BVPs for FGM by using BEM has been made. Clements

2] , Cheng [4,5] , Rangogni [6] , Shaw [7] , Gipson et al. [8] , Ang et al.

9] , and Clements and Azis [10] considered the case for isotropic FGM.

In the case of anisotropic FGM there are few published studies. BVPs

hich are relevant for certain classes of problems for anisotropic FGM

ave been considered by Azis and Clements [11] , Azis et al. [12] , Azis

nd Clements [13] , Azis and Clements [14,15] . An elliptic equation

hich is also relevant for a certain class of problems for anisotropic

GM has been considered by Clements and Rogers [1] . They obtained

 boundary integral equation for the case when the coefficients in the

quation depend on one spatial variable only. Specifically the equation

onsidered by Clements and Rogers [1] takes the form 

𝜕 

𝜕𝑥 𝑖 

[ 
𝜆𝑖𝑗 ( 𝑥 2 ) 

𝜕𝜙( 𝑥 1 , 𝑥 2 ) 
𝜕𝑥 𝑗 

] 
= 0 
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here the coefficients 𝜆ij depend on x 2 only and the repeated summation

onvention (summing from 1 to 2) is employed. 

This paper is concerned with obtaining boundary integral equations

or the solution of BVPs governed by equations of the form 

𝜕 

𝜕𝑥 𝑖 

[ 
𝜆𝑖𝑗 ( 𝑥 1 , 𝑥 2 ) 

𝜕𝜙( 𝑥 1 , 𝑥 2 ) 
𝜕𝑥 𝑗 

] 
= 0 (1)

quations of this type govern the behavior of a wide class of BVPs of

oth isotropic and anisotropic FGM. Antiplane strain in elastostatics and

lane thermostatics for anisotropic FGM are two areas for which the

overning equation is of the type (1) . 

Several techniques will be considered for obtaining boundary inte-

ral equations for the solution of (1) . For each technique it is necessary

o place some constraint on the class of coefficients 𝜆ij for which the so-

ution obtained is valid. Some numerical examples are considered to il-

ustrate the application of the boundary integral equations. The analysis

f this paper is purely formal; the main aim being to construct effective

EMs for classes of equations which fall within the type (1) . 

. The boundary value problem 

Referred to a Cartesian frame Ox 1 x 2 a solution to (1) is sought which

s valid in a region Ω in R 

2 with boundary 𝜕Ω which consists of a finite

umber of piecewise smooth closed curves. On 𝜕Ω1 the dependent vari-

ble 𝜙( x ) 
(
𝐱 = ( 𝑥 1 , 𝑥 2 ) 

)
is specified and on 𝜕Ω2 

 ( 𝐱) = 𝜆𝑖𝑗 
(
𝜕 𝜙∕ 𝜕 𝑥 𝑗 

)
𝑛 𝑖 (2)
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s specified where 𝜕Ω = 𝜕Ω1 ∪ 𝜕Ω2 and 𝐧 = ( 𝑛 1 , 𝑛 2 ) denotes the outward

ointing normal to 𝜕Ω. 

For all points in Ω the matrix of coefficients [ 𝜆ij ] is a real symmet-

ic positive definite matrix so that throughout Ω Eq. (1) is a second

rder elliptic partial differential equation. Further, the coefficients 𝜆ij 

re required to be twice differentiable functions of the two independent

ariables x 1 and x 2 . 

The method of solution will be to obtain boundary integral equations

rom which numerical values of the dependent variables 𝜙 and P may

e obtained for all points in Ω. The analysis here is specially relevant

o an anisotropic medium but it equally applies to isotropic media. For

sotropy, the coefficients in (1) take the form 𝜆11 = 𝜆22 and 𝜆12 = 0 and

se of these equations in the following analysis immediately yields the

orresponding results for an isotropic medium. 

. Reduction to a constant coefficient equation 

The coefficients 𝜆ij are required to take the form 

𝑖𝑗 ( 𝐱) = 𝜆
(0) 
𝑖𝑗 
𝑔( 𝐱) (3)

here the 𝜆
(0) 
𝑖𝑗 

are constants and g is a differentiable function of x. Use

f (3) in (1) yields 

(0) 
𝑖𝑗 

𝜕 

𝜕𝑥 𝑖 

( 

𝑔 
𝜕𝜙

𝜕𝑥 𝑗 

) 

= 0 (4)

et 

( 𝐱) = 𝑔 1∕2 ( 𝐱) 𝜙( 𝐱) (5)

o that (4) may be written in the form 

(0) 
𝑖𝑗 

𝜕 

𝜕𝑥 𝑖 

[ 

𝑔 
𝜕 
(
𝑔 −1∕2 𝜓 

)
𝜕𝑥 𝑗 

] 

= 0 

hat is 

(0) 
𝑖𝑗 

[ ( 

1 
4 
𝑔 −3∕2 

𝜕𝑔 

𝜕𝑥 𝑖 

𝜕𝑔 

𝜕𝑥 𝑗 
− 

1 
2 
𝑔 −1∕2 

𝜕 2 𝑔 

𝜕 𝑥 𝑖 𝜕 𝑥 𝑗 

) 

𝜓 + 𝑔 1∕2 
𝜕 2 𝜓 

𝜕 𝑥 𝑖 𝜕 𝑥 𝑗 

] 
= 0 (6)

se of the identity 

𝜕 2 𝑔 1∕2 

𝜕 𝑥 𝑖 𝜕 𝑥 𝑗 
= − 

1 
4 
𝑔 −3∕2 

𝜕𝑔 

𝜕𝑥 𝑖 

𝜕𝑔 

𝜕𝑥 𝑗 
+ 

1 
2 
𝑔 −1∕2 

𝜕 2 𝑔 

𝜕 𝑥 𝑖 𝜕 𝑥 𝑗 

ermits (6) to be written in the form 

 

1∕2 𝜆(0) 
𝑖𝑗 

𝜕 2 𝜓 

𝜕 𝑥 𝑖 𝜕 𝑥 𝑗 
− 𝜓𝜆

(0) 
𝑖𝑗 

𝜕 2 𝑔 1∕2 

𝜕 𝑥 𝑖 𝜕 𝑥 𝑗 
= 0 

t follows that if g is such that 

(0) 
𝑖𝑗 

𝜕 2 𝑔 1∕2 

𝜕 𝑥 𝑖 𝜕 𝑥 𝑗 
+ 𝑘𝑔 1∕2 = 0 (7)

hen the transformation (5) carries the variable coefficients Eq. (4) to

he constant coefficients equation 

(0) 
𝑖𝑗 

𝜕 2 𝜓 

𝜕 𝑥 𝑖 𝜕 𝑥 𝑗 
+ 𝑘𝜓 = 0 (8)

here k is a constant. 

Also, substitution of (3) and (5) into (2) gives 

 = − 𝑃 [ 𝑔] 𝜓 + 𝑃 [ 𝜓] 𝑔 1∕2 (9)

here 

 

[ 𝑔] ( 𝐱) = 𝜆
(0) 
𝑖𝑗 

𝜕 𝑔 1∕2 

𝜕𝑥 𝑗 
𝑛 𝑖 𝑃 ( 𝐱) = 𝜆

(0) 
𝑖𝑗 

𝜕𝜓 

𝜕𝑥 𝑗 
𝑛 𝑖 

A boundary integral equation for the solution of (8) is given in

lements [3] in the form 

( 𝐱 0 ) 𝜓( 𝐱 0 ) = ∫𝜕Ω
[
Γ( 𝐱, 𝐱 0 ) 𝜓( 𝐱) − Φ( 𝐱, 𝐱 0 ) 𝑃 [ 𝜓] ( 𝐱) 

]
𝑑𝑠 ( 𝐱) (10)
n  

187 
here 𝐱 0 = ( 𝑎, 𝑏 ) , 𝜂 = 0 if ( a, b ) ∉Ω∪ 𝜕Ω, 𝜂 = 1 if ( a, b ) ∈Ω, 𝜂 = 

1 
2 if

 a, b ) ∈ 𝜕 Ω and 𝜕 Ω has a continuously turning tangent at ( a, b ). 

The so called fundamental solution Φ in (10) is any solution of the

quation 

(0) 
𝑖𝑗 

𝜕 2 Φ
𝜕 𝑥 𝑖 𝜕 𝑥 𝑗 

+ 𝑘 Φ = 𝛿( 𝐱 − 𝐱 0 ) 

nd the Γ is given by 

( 𝐱, 𝐱 0 ) = 𝜆
(0) 
𝑖𝑗 

𝜕Φ( 𝐱, 𝐱 0 ) 
𝜕𝑥 𝑗 

𝑛 𝑖 

here 𝛿 is the Dirac delta function. For two-dimensional problems Φ
nd Γ are given by 

( 𝐱, 𝐱 0 ) = 

⎧ ⎪ ⎨ ⎪ ⎩ 
𝐾 

2 𝜋 ln 𝑅 if 𝑘 = 0 
𝚤𝐾 

4 𝐻 

(2) 
0 ( 𝜔𝑅 ) if 𝑘 > 0 

− 𝐾 
2 𝜋 𝐾 0 ( 𝜔𝑅 ) if 𝑘 < 0 

Γ( 𝐱, 𝐱 0 ) = 

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 

𝐾 

2 𝜋
1 
𝑅 
𝜆
(0) 
𝑖𝑗 

𝜕𝑅 

𝜕𝑥 𝑗 
𝑛 𝑖 if 𝑘 = 0 

− 𝚤𝐾𝜔 
4 𝐻 

(2) 
1 ( 𝜔𝑅 ) 𝜆(0) 

𝑖𝑗 
𝜕𝑅 

𝜕𝑥 𝑗 
𝑛 𝑖 if 𝑘 > 0 

𝐾𝜔 

2 𝜋 𝐾 1 ( 𝜔𝑅 ) 𝜆(0) 
𝑖𝑗 

𝜕𝑅 

𝜕𝑥 𝑗 
𝑛 𝑖 if 𝑘 < 0 

(11) 

here 

𝐾 = 𝜏∕ 𝜁

𝜔 = 

√|𝑘 |∕ 𝜁
𝜁 = [ 𝜆(0) 11 + 𝜆

(0) 
12 ( 𝜏 + 𝜏) + 𝜆

(0) 
22 𝜏𝜏]∕2 

𝑅 = 

√ 

( ̇𝑥 1 − 𝑎̇ ) 2 + ( ̇𝑥 2 − 𝑏̇ ) 2 

̇  1 = 𝑥 1 + 𝜏̇𝑥 2 

𝑎̇ = 𝑎 + 𝜏̇𝑏 

̇  2 = 𝜏𝑥 2 

𝑏̇ = 𝜏𝑏 

here 𝜏̇ and 𝜏 are respectively the real and the positive imaginary parts

f the complex root 𝜏 of the quadratic 

(0) 
11 + 2 𝜆(0) 12 𝜏 + 𝜆

(0) 
22 𝜏

2 = 0 

nd 𝐻 

(2) 
0 , 𝐻 

(2) 
1 denote the Hankel function of second kind and order zero

nd order one respectively. K 0 , K 1 denote the modified Bessel function

f order zero and order one respectively, ı represents the square root

f minus one and the bar denotes the complex conjugate. A technique

or finding the fundamental solution Φ in Eq. (11) may be found in Azis

16] . 

The derivatives 𝜕 R / 𝜕 x j needed for the calculation of the Γ in (11) are

iven by 

𝜕𝑅 

𝜕𝑥 1 
= 

1 
𝑅 

( ̇𝑥 1 − 𝑎̇ ) 

𝜕𝑅 

𝜕𝑥 2 
= 𝜏̇

[ 1 
𝑅 

( ̇𝑥 1 − 𝑎̇ ) 
]
+ 𝜏

[ 1 
𝑅 

( ̇𝑥 2 − 𝑏̇ ) 
]

Use of (5) and (9) in (10) yields 

( 𝐱 0 ) 𝑔 1∕2 ( 𝐱 0 ) 𝜙( 𝐱 0 ) = ∫𝜕Ω
{[
𝑔 1∕2 ( 𝐱 ) Γ( 𝐱 , 𝐱 0 ) − 𝑃 [ 𝑔] ( 𝐱 ) Φ( 𝐱 , 𝐱 0 ) 

]
𝜙( 𝐱) 

− 

[
𝑔 −1∕2 ( 𝐱 ) Φ( 𝐱 , 𝐱 0 ) 

]
𝑃 ( 𝐱) 

}
𝑑𝑠 ( 𝐱) 

his equation provides a boundary integral equation for determining 𝜙

nd P at all points of Ω. 

The analysis of the section requires that the coefficients 𝜆ij are of the

orm (3) with g satisfying (7) . This condition on g allows for consider-

ble choice in the coefficients. For example, when 𝑘 = 0 , g can assume a

umber of multiparameter forms with the parameters being employed
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o fit 𝜆ij to numerical data for the coefficients. Possible multiparameter

orms include 

( 𝐱) = 

(
𝛼0 + 𝛼1 𝑥 1 + 𝛼2 𝑥 2 

)2 
( 𝐱) = 

[
ℜ { 𝛼0 + 𝛼1 𝑧 + 𝛼2 𝑧 

2 + ⋯ + 𝛼𝑛 𝑧 
𝑛 } 
]2 

here the 𝛼i are constants, ℜ denotes the real part of a complex number

nd 𝑧 = 𝑥 1 + 𝜏𝑥 2 . More generally, the square of the real part of any an-

lytical function of the complex variable z can serve as a possible form

or g . For the case when k ≠0 some possible multiparameter forms of g

re 

( 𝐱) = 

[
𝐴 cos ( 𝛼𝑚 𝑥 𝑚 ) 

]2 
with 𝜆

(0) 
𝑖𝑗 
𝛼𝑖 𝛼𝑗 = 𝑘 (12)

( 𝐱) = 

[
𝐴 exp ( 𝛼𝑚 𝑥 𝑚 ) 

]2 
with 𝜆

(0) 
𝑖𝑗 
𝛼𝑖 𝛼𝑗 = − 𝑘 (13)

here A , 𝛼m 

are real constants. 

. Further reduction to constant coefficients 

The analysis of this paper has so far been concerned with coefficients

hich fall within the general class given by (3) . The following analysis

eeks to consider the case when the coefficients 𝜆ij ( x ) are not all propor-

ional to the same function of x and thus fall outside the general class

iven by (3) . 

Attention will be restricted to anisotropic media for which the media

ave symmetry properties which lead to the coefficient 𝜆12 being zero.

n this case Eq. (1) becomes 

𝜕 

𝜕𝑥 1 

[ 
𝜆11 ( 𝑥 1 , 𝑥 2 ) 

𝜕𝜙

𝜕𝑥 1 

] 
+ 

𝜕 

𝜕𝑥 2 

[ 
𝜆22 ( 𝑥 1 , 𝑥 2 ) 

𝜕𝜙

𝜕𝑥 2 

] 
= 0 (14)

t will be further assumed that the coefficients 𝜆11 and 𝜆22 have variable

eparable forms so that they can be written in the form 

11 ( 𝑥 1 , 𝑥 2 ) = 𝑋 1 ( 𝑥 1 ) 𝑌 1 ( 𝑥 2 ) (15)

22 ( 𝑥 1 , 𝑥 2 ) = 𝑋 2 ( 𝑥 1 ) 𝑌 2 ( 𝑥 2 ) (16)

ubstitution of (15) and (16) into (14) yields 

1 
𝑋 2 ( 𝑥 1 ) 

𝜕 

𝜕𝑥 1 

[ 
𝑋 1 ( 𝑥 1 ) 

𝜕𝜙

𝜕𝑥 1 

] 
+ 

1 
𝑌 1 ( 𝑥 2 ) 

𝜕 

𝜕𝑥 2 

[ 
𝑌 2 ( 𝑥 2 ) 

𝜕𝜙

𝜕𝑥 2 

] 
= 0 

he new independent variables 

1 = ∫
( 

𝑋 2 ( 𝑥 1 ) 
𝑋 1 ( 𝑥 1 ) 

) 1∕2 
𝑑𝑥 1 𝜉2 = ∫

( 

𝑌 1 ( 𝑥 2 ) 
𝑌 2 ( 𝑥 2 ) 

) 1∕2 
𝑑𝑥 2 (17)

ow provide 

1 
𝑀( 𝜉1 ) 

𝜕 

𝜕𝜉1 

[ 
𝑀( 𝜉1 ) 

𝜕𝜙

𝜕𝜉1 

] 
+ 

1 
𝑁( 𝜉2 ) 

𝜕 

𝜕𝜉2 

[ 
𝑁( 𝜉2 ) 

𝜕𝜙

𝜕𝜉2 

] 
= 0 (18)

here 

 = 

(
𝑋 2 𝑋 1 

)1∕2 
𝑁 = 

(
𝑌 2 𝑌 1 

)1∕2 
(19)

 new dependent variable 𝜓 is now introduced according to 

= 𝑀 

−1∕2 𝑁 

−1∕2 𝜓 (20)

se of (20) in (18) yields 

 

2 𝜓 − 

[(
𝑀 

−1∕2 𝑁 

−1∕2 )∇ 

2 (𝑀 

1∕2 𝑁 

1∕2 )]𝜓 = 0 (21)

here 

 

2 ≡ 𝜕 2 ∕ 𝜕 𝜉1 2 + 𝜕 2 ∕ 𝜕 𝜉2 2 

f 

 

2 (𝑀 

1∕2 𝑁 

1∕2 ) = 0 (22)

hen from (21) 𝜓 satisfies Laplace ’s equation 

 

2 𝜓 = 0 
𝜙

188 
ince M is a function of 𝜉1 only and N is a function of 𝜉2 only then in

22) M and N must adopt the forms 

( 𝜉1 ) = 

(
𝛼𝜉1 + 𝛽

)2 
𝑁( 𝜉2 ) = 

(
𝛾𝜉2 + 𝛿

)2 
here 𝛼, 𝛽, 𝛾 and 𝛿 are constants. 

The boundary integral equations for 𝜓 in the new frame O 𝜉1 𝜉2 may

e obtained from (9) and (10) with 𝜆
(0) 
11 = 𝜆

(0) 
22 = 1 , 𝜆(0) 12 = 0 . Specifically

he equation for 𝜓 is 

( 𝜉0 ) 𝜓( 𝜉0 ) = ∫𝜕Ω𝜉
[
Γ( 𝜉, 𝜉0 ) 𝜓( 𝜉) − Φ( 𝜉, 𝜉0 ) 𝑃 [ 𝜓] ( 𝜉) 

]
𝑑𝑠 ( 𝜉) 

here Φ and Γ are given by (11) with 𝑘 = 0 and the region Ω𝜉 with

oundary 𝜕Ω𝜉 denoting the domain and boundary under consideration

eferred to the O 𝜉1 𝜉2 frame. 

The boundary integral equation for 𝜙 is given by 

( 𝜉0 ) 𝑔 1∕2 ( 𝜉0 ) 𝜙( 𝜉0 ) = ∫𝜕Ω𝜉
{[
𝑔 1∕2 ( 𝜉) Γ( 𝜉, 𝜉0 ) − 𝑃 [ 𝑔] ( 𝜉) Φ( 𝜉, 𝜉0 ) 

]
𝜙( 𝜉) 

− 

[
𝑔 −1∕2 ( 𝜉) Φ( 𝜉, 𝜉0 ) 

]
𝑃 ( 𝜉) 

}
𝑑𝑠 ( 𝜉) (23) 

here 

( 𝜉) = 𝑀 ( 𝜉1 ) 𝑁 ( 𝜉2 ) 

. Numerical examples 

In this section some particular BVPs are solved numerically by em-

loying the integral equations obtained in Sections 3 and 4 . In imple-

enting this method to obtain numerical results standard boundary el-

ment procedure is employed (see for example Clements [3] ). 

.1. Example 5.1 

Consider a problem governed by an equation of the type (14) for

 medium of geometry as shown in Fig. 1 with the coefficients of the

orms (15) and (16) . 

Specifically the problem is governed by 

𝜕 

𝜕𝑥 1 

[ 
𝜆11 ( 𝑥 1 , 𝑥 2 ) 

𝜕𝜙

𝜕𝑥 1 

] 
+ 

𝜕 

𝜕𝑥 2 

[ 
𝜆22 ( 𝑥 1 , 𝑥 2 ) 

𝜕𝜙

𝜕𝑥 2 

] 
= 0 

ith coefficients 

′
11 ( 𝑥 1 , 𝑥 2 ) = (1 + 2 𝑥 ′1 ) 

3∕2 (2 + 3 𝑥 ′2 ) 
2 

′
22 ( 𝑥 1 , 𝑥 2 ) = (1 + 2 𝑥 ′1 ) 

1∕2 (2 + 3 𝑥 ′2 ) 
2 

he boundary conditions are (see Fig. 1 ) 

′ = 1∕2 on AB 

′ = 1∕(2 + 3 𝑥 ′2 ) on BC 

′ = 1∕5 on CD 

′ = 1∕(2 + 3 𝑥 ′ ) on AD 
2 
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Table 1 

Numerical and analytical results for Example 5.1. 

Position 𝜙′ BEM 𝜙′ BEM 𝜙′ BEM 𝜙′ 

( 𝑥 ′1 , 𝑥 
′
2 ) 8 segments 16 segments 32 segments Analytical 

(0.9,0.4) 0.285323 0.313721 0.312487 0.312500 

(0.2,0.1) 0.431316 0.434713 0.434756 0.434783 

(0.6,0.3) 0.344864 0.344839 0.344834 0.344828 

(0.8,0.9) 0.207950 0.212652 0.212752 0.212766 

(0.4,0.6) 0.263112 0.263144 0.263153 0.263158 

(0.9,0.2) 0.396525 0.381003 0.384669 0.384615 

(0.5,0.1) 0.433516 0.434958 0.434778 0.434783 

(0.3,0.8) 0.226931 0.227248 0.227264 0.227273 

(0.9,0.9) 0.185691 0.213604 0.212776 0.212766 

 

t

𝑋

𝑋

w  

r

𝑀

w  

𝜉  

l

𝜙

w  

t

∇

w

 

E  

s

5

𝜙

w  

c  

r

 

c[
T

[

x1

x2

B(l, 0)

C(l, l)D(0, l)

A(0, 0) P given

φ given

P given

P given

Fig. 2. The boundary conditions for Example 5.2 and Example 5.3 . 

Table 2 

BEM and analytical solutions for Example 5.2. 

Position BEM Analytical 

( 𝑥 ′1 , 𝑥 
′
2 ) 𝜙′ 𝜕 𝜙′∕ 𝜕 𝑥 ′1 𝜕 𝜙′∕ 𝜕 𝑥 ′2 𝜙′ 𝜕 𝜙′∕ 𝜕 𝑥 ′1 𝜕 𝜙′∕ 𝜕 𝑥 ′2 

40 segments 

(0.3,0.5) 0.5064 0.0953 0.9886 0.5073 0.0877 0.9928 

(0.5,0.5) 0.5290 0.1322 1.0475 0.5282 0.1221 1.0562 

(0.7,0.5) 0.5596 0.1752 1.1274 0.5566 0.1642 1.1391 

(0.9,0.5) 0.6031 0.3528 1.1864 0.5946 0.2182 1.2482 

(0.5,0.1) 0.1107 0.0307 1.0296 0.1041 0.0153 1.0485 

(0.5,0.3) 0.3190 0.0725 1.0488 0.3157 0.0594 1.0642 

(0.5,0.7) 0.7362 0.2103 1.0199 0.7366 0.2042 1.0240 

(0.5,0.9) 0.9350 0.3116 0.9500 0.9361 0.3063 0.9671 

80 segments 

(0.3,0.5) 0.5068 0.0913 0.9912 0.5073 0.0877 0.9928 

(0.5,0.5) 0.5285 0.1267 1.0526 0.5282 0.1221 1.0562 

(0.7,0.5) 0.5580 0.1693 1.1340 0.5566 0.1642 1.1391 

(0.9,0.5) 0.5968 0.2119 1.2446 0.5946 0.2182 1.2482 

(0.5,0.1) 0.1072 0.0231 1.0389 0.1041 0.0153 1.0485 

(0.5,0.3) 0.3171 0.0658 1.0571 0.3157 0.0594 1.0642 

(0.5,0.7) 0.7364 0.2073 1.0223 0.7366 0.2042 1.0240 

(0.5,0.9) 0.9357 0.3088 0.9659 0.9361 0.3063 0.9671 

160 segments 

(0.3,0.5) 0.5071 0.0896 0.9921 0.5073 0.0877 0.9928 

(0.5,0.5) 0.5284 0.1244 1.0545 0.5282 0.1221 1.0562 

(0.7,0.5) 0.5573 0.1668 1.1365 0.5566 0.1642 1.1391 

(0.9,0.5) 0.5959 0.2207 1.2448 0.5946 0.2182 1.2482 

(0.5,0.1) 0.1057 0.0195 1.0433 0.1041 0.0153 1.0485 

(0.5,0.3) 0.3165 0.0628 1.0606 0.3157 0.0594 1.0642 

(0.5,0.7) 0.7366 0.2059 1.0232 0.7366 0.2042 1.0240 

(0.5,0.9) 0.9359 0.3077 0.9663 0.9361 0.3063 0.9671 

T  

a  

t

𝛼

T

 

s  
For this particular problem the coefficients 𝜆11 and 𝜆22 are of the

ype (15) and (16) with 

 

′
1 ( 𝑥 1 ) = (1 + 2 𝑥 ′1 ) 

3∕2 𝑌 ′1 ( 𝑥 2 ) = (2 + 3 𝑥 ′2 ) 
2 

 

′
2 ( 𝑥 1 ) = (1 + 2 𝑥 ′1 ) 

1∕2 𝑌 ′2 ( 𝑥 2 ) = (2 + 3 𝑥 ′2 ) 
2 

here 𝑋 

′
1 = 𝑋 1 ∕ ̂𝑋 1 , 𝑋 

′
2 = 𝑋 2 ∕ ̂𝑋 2 , 𝑌 

′
1 = 𝑌 1 ̂𝑋 1 ∕ ̂𝜆, 𝑌 ′2 = 𝑌 2 ̂𝑋 2 ∕ ̂𝜆, 𝑋 1 , 𝑋 2 are

eference values of X 1 and X 2 respectively. Thus from (17) and (19) 

 

′ = 1 + 2 𝑥 ′1 = 

(
𝜉′1 
)2 𝑁 

′ = (2 + 3 𝑥 ′2 ) 
2 = (2 + 3 𝜉′2 ) 

2 

here, 𝑀 

′ = 𝑀∕ ̂𝑀 , 𝑀 = ( ̂𝑋 1 ̂𝑋 2 ) 1∕2 , 𝑁 

′ = 𝑁∕ ̂𝑁 , 𝑁̂ = ̂𝜆∕( ̂𝑋 1 ̂𝑋 2 ) , 𝜉′𝑖 =

𝑖 ∕ ̂𝜉 (for 𝑖 = 1 , 2 ), 𝜉 = ( ̂𝑋 1 ̂𝑋 2 ) 1∕2 𝑙. The M ′ and N ′ satisfy Eq. (22) . It fol-

ows from (20) that the transformation 

′ = 

(
𝑀 

′)−1∕2 (𝑁 

′)−1∕2 𝜓 ′
= 

(
𝜉′1 
)−1 (2 + 3 𝜉′2 ) 

−1 𝜓 ′

here 𝜓 ′ = 𝜓∕( ̂𝜙𝜆1∕2 ) , transforms the original partial differential equa-

ion to 

 

2 𝜓 ′ = 0 

here ∇ 

2 ≡ 𝜕 2 ∕ 𝜕 𝜉′1 2 + 𝜕 2 ∕ 𝜕 𝜉′2 
2 
. 

Table 1 shows a comparison between BEM results obtained using

q. (23) and analytical results for some interior points. The analytical

olution to this problem is 𝜙′ = 1∕(2 + 3 𝑥 ′2 ) . 

.2. Example 5.2 

Consider the analytical solution to (1) 

′ = 

sin 𝛽′𝑥 ′2 
cos ( 𝛼′1 𝑥 

′
1 + 𝛼′2 𝑥 

′
2 ) 

(24) 

here 𝛼′
𝑖 
= 𝛼𝑖 𝑙 ( 𝑖 = 1 , 2 ), 𝛼i is given in (12) and 𝛽′ is a dimensionless

onstant, to a problem for an inhomogeneous material occupying the

egion of a unit square depicted in Fig. 2 . 

The coefficients of the material vary with position in the square ac-

ording to 

𝜆′𝑖𝑗 

]
= 

[ 

cos 2 ( 𝛼′1 𝑥 
′
1 + 𝛼′2 𝑥 

′
2 ) 0 . 5 cos 2 ( 𝛼′1 𝑥 

′
1 + 𝛼′2 𝑥 

′
2 ) 

0 . 5 cos 2 ( 𝛼′1 𝑥 
′
1 + 𝛼′2 𝑥 

′
2 ) 0 . 5 cos 2 ( 𝛼′1 𝑥 

′
1 + 𝛼′2 𝑥 

′
2 ) 

] 

(25) 

he boundary conditions are (see Fig. 2 ) 

𝑃 ′ (as may be obtained from (24)) is known on AB, BC and CD 

𝜙′ (as may be calculated from (24)) is known on AD 

The coefficients (25) may be written in the form (3) with 

𝜆
′(0) 
𝑖𝑗 

]
= 

[ 
1 0 . 5 
0 . 5 0 . 5 

] 
𝑔( 𝐱) = cos 2 ( 𝛼′𝑥 ′ + 𝛼′𝑥 ′ ) 
1 1 2 2 n

189 
hus, g ( x ) takes the form (12) with 𝐴 = 1 . The parameters k ′ ( 𝑘 ′ = 𝑘𝑙 2 ∕ ̂𝜆)
nd 𝛼′1 are chosen to be 0.5 and the parameter 𝛼′2 is required to satisfy

he condition in (12) ( 𝜆
′(0) 
𝑖𝑗 
𝛼′
𝑖 
𝛼′
𝑗 
= 𝑘 ′). Specifically, 𝛼′2 satisfies 

′
2 = 

1 
𝜆
′(0) 
22 

[ 

− 𝜆
′(0) 
12 𝛼

′
1 + 

√ 

𝜆
′(0) 
12 

2 
𝛼′1 

2 − 𝜆
′(0) 
22 

(
𝜆
′(0) 
11 𝛼

′
1 
2 − 𝑘 ′

)] 

he parameter 𝛽′ is defined as 𝛽′ = 

√ 

𝑘 ′∕ 𝜆
′(0) 
22 . 

Table 2 shows a comparison between the BEM and the analytical

olutions. The BEM solutions converge to the analytical solutions as the

umber of segments increases. 
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Table 3 

BEM and analytical solutions for Example 5.3. 

Position BEM Analytical 

( 𝑥 ′1 , 𝑥 
′
2 ) 𝜙′ 𝜕 𝜙′∕ 𝜕 𝑥 ′1 𝜕 𝜙′∕ 𝜕 𝑥 ′2 𝜙′ 𝜕 𝜙′∕ 𝜕 𝑥 ′1 𝜕 𝜙′∕ 𝜕 𝑥 ′2 

40 segments 

(0.3,0.5) 0.9631 0.4751 –0.3487 0.9675 0.4838 –0.3541 

(0.5,0.5) 1.0637 0.5305 –0.3921 1.0693 0.5346 –0.3914 

(0.7,0.5) 1.1755 0.5886 –0.4356 1.1817 0.5909 –0.4325 

(0.9,0.5) 1.3064 0.8583 –0.4897 1.3060 0.6530 –0.4780 

(0.5,0.1) 1.2329 0.6192 –0.4397 1.2379 0.6189 –0.4531 

(0.5,0.3) 1.1454 0.5717 –0.4240 1.1505 0.5752 –0.4211 

(0.5,0.7) 0.9883 0.4909 –0.3646 0.9938 0.4969 –0.3638 

(0.5,0.9) 0.9172 0.4580 –0.3572 0.9236 0.4618 –0.3381 

80 segments 

(0.3,0.5) 0.9655 0.4807 –0.3550 0.9675 0.4838 –0.3541 

(0.5,0.5) 1.0666 0.5321 –0.3914 1.0693 0.5346 –0.3914 

(0.7,0.5) 1.1786 0.5889 –0.4330 1.1817 0.5909 –0.4325 

(0.9,0.5) 1.3023 0.6306 –0.4774 1.3060 0.6530 –0.4780 

(0.5,0.1) 1.2353 0.6183 –0.4536 1.2379 0.6189 –0.4531 

(0.5,0.3) 1.1479 0.5732 –0.4214 1.1505 0.5752 –0.4211 

(0.5,0.7) 0.9911 0.4949 –0.3648 0.9938 0.4969 –0.3638 

(0.5,0.9) 0.9207 0.4590 –0.3391 0.9236 0.4618 –0.3381 

160 segments 

(0.3,0.5) 0.9665 0.4822 –0.3542 0.9675 0.4838 –0.3541 

(0.5,0.5) 1.0679 0.5333 –0.3911 1.0693 0.5346 –0.3914 

(0.7,0.5) 1.1801 0.5897 –0.4324 1.1817 0.5909 –0.4325 

(0.9,0.5) 1.3042 0.6520 –0.4782 1.3060 0.6530 –0.4780 

(0.5,0.1) 1.2364 0.6191 –0.4537 1.2379 0.6189 –0.4531 

(0.5,0.3) 1.1490 0.5740 –0.4204 1.1505 0.5752 –0.4211 

(0.5,0.7) 0.9924 0.4958 –0.3641 0.9938 0.4969 –0.3638 

(0.5,0.9) 0.9222 0.4604 –0.3387 0.9236 0.4618 –0.3381 

5

𝜙

w  

s  

a[
 

T

T[

s
 

a  

c

𝛼

T

 

i

6

 

f  

e  

f

A

 

r

R
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[  

[  

 

[  

 

[  

[  

 

[  

[  

 

.3. Exayes mple 5.3 

Consider the analytical solution to (1) 

′ = 

exp 𝛽′𝑥 ′2 
exp ( 𝛼′1 𝑥 

′
1 + 𝛼′2 𝑥 

′
2 ) 

here 𝛼′
𝑖 
= 𝛼𝑖 𝑙 ( 𝑖 = 1 , 2 ), 𝛼i is given in (13) and 𝛽′ is a dimensionless con-

tant, for a problem which is associated with an inhomogeneous medium

s shown in Fig. 2 with coefficients 

𝜆′𝑖𝑗 

]
= 

[ 

exp [2( 𝛼′1 𝑥 
′
1 + 𝛼′2 𝑥 

′
2 )] 0 . 5 exp [2( 𝛼′1 𝑥 

′
1 + 𝛼′2 𝑥 

′
2 )] 

0 . 5 exp [2( 𝛼′1 𝑥 
′
1 + 𝛼′2 𝑥 

′
2 )] 0 . 5 exp [2( 𝛼′1 𝑥 

′
1 + 𝛼′2 𝑥 

′
2 )] 

] 

(26)

he boundary conditions are (see Fig. 2 ) 

𝑃 ′ is given on AB, BC and CD 

𝜙′ is given on AD 

he coefficients (26) may be written in the form (3) with 

𝜆
′(0) 
𝑖𝑗 

]
= 

[ 
1 0 . 5 
0 . 5 0 . 5 

] 
𝑔( 𝐱) = exp [2( 𝛼′1 𝑥 

′
1 + 𝛼′2 𝑥 

′
2 )] 

o that g ( x ) takes the form (13) with 𝐴 = 1 . The parameters k ′ and 𝛼′1
re chosen to be –0.5 and the parameter 𝛼′2 is required to satisfy the
190 
ondition in (13) ( 𝜆
′(0) 
𝑖𝑗 
𝛼′
𝑖 
𝛼′
𝑗 
= − 𝑘 ′). Specifically, 𝛼′2 satisfies 

′
2 = 

1 
𝜆
′(0) 
22 

[ 

− 𝜆
′(0) 
12 𝛼

′
1 + 

√ 

𝜆
′(0) 
12 

2 
𝛼′1 

2 − 𝜆
′(0) 
22 

(
𝜆
′(0) 
11 𝛼

′
1 
2 + 𝑘 ′

)] 

he parameter 𝛽′ is defined as 𝛽′= 
√ 

− 𝑘 ′∕ 𝜆
′(0) 
22 . 

Again, Table 3 shows that the BEM solutions converge to the analyt-

cal solutions as the number of segments increases. 

. Conclusion 

Some BEMs are obtained for a class of two dimensional elliptic BVPs

or FGM. The methods can be applied to a variety of problems in such ar-

as as antiplane strain in elastostatics and plane thermostatic problems

or anisotropic FGM. 
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