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Abstract

The behavior of dynamic systems in long term dynamics can be
described by the global attractor Let ¥ be a metric space Then the
global attractor 1s a nonempty, compact, and 1nvariant set of 4 subset
V' which attracts every bounded subset of V" This paper analyzes the
existence of global attractor 1n the Lorenz svstem At the imtial stage
we prove the solutions of the Lorenz system bounded for ¢
approaching infinity Afterwards, we take bounded sets B, of B(0, R)
and choose an open set B(0, p) in norm space containing the bounded
solutions We then operate a strongly continuous semgroup {7(¢)} to
any boundea set 5, as Well as 10 e sct By, p) 1he result oI s
operation will be 1dentified as an attractor 1t and only 1t any 7'(#)B 1s

absorbed by B(0, p) The mtersection ot the closure union T'(¢)B, 1s

called the o-limit set of B If the w-limit set 1s a compact attractor, then
the existence of global attractor for the Loirenz system 1s proved
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1 Introduction

Most of problems i dynamical systems arising from mathematical
physics are generated by partial differential equations and semigroup 1n
infinite dimensional space In this paper, we consider the Lorenz system
origmally described by partial differential equations and simplified to three
nonlinear differential equations

E=—GX+O"V,

ﬂ;-:n'—v—\f:’

dt i

dz

— = —bz + xy, 11
. xy (1n

where x represents the velocity, y and z the temperature of the flmd and r, o,
D ate e pusiuve patameers dewrmmed dy e ieaung of die fwd, e
physical properiies of the {lud and the height of the layer, respectively The
peculiar result of the Lorenz systems 1s that they produce deterministic
chaos It 1s chaotic because even small changes in the mitial conditions can
lead to very different behavior over long time period [4, 5] Since Edward N
Lorenz discovered e Lorenz atuacior aiso known as ihe buiierfly
aitractor), great achievements have been made in the area of nonlinear

systems

The fundamental properties of chaotic systems are such that the existence
of the global attractor plays a very important role in further resecarch on
Chaos Tihe globdl diraclor 1s 4 compdot, mvarndne set winch absoros every
bounded set mn the system This concept can descibe the asymprotic
behaviors of dynamical systems, {6, 8-10] By using the generalized
Lyapunov function, a simple proof ot the globally attractive and positive
invariant set of the Lorenz system with ultimate bound has been reported in
|2, 3, 11] Bdsed on whe concept 0l compdcelness cdlled w-amii compact 1n d

semigroup as in Yu and Liao [11], Ma et al [7], we show 1n this paper that

there exists a global attractor for a strongly continuous semigroup C? to the
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equations system (1 1), 1f and only 1f
(1) there 1s an absorbing set, and
(2) the semigroup 1s ®-limit compact

Firstly, we need to introduce some notations and definitions Let X =
(x, y,z)and Q c R’ bea compact (bounded and closed) set containing the

origin It 1s known that (1 1) has a unique bounded solution, [2, 3, 9] This
allows us to define the semigroup of operators

Definition 11 Let V' be a metric space The dynamical system 1 V' 1s

described by a tamily of operators {7 (Z); ot maps ¥ mto itselt The ramily 1s

calleda C° semigroup 1f 1t satisfies
(1) T(0) = I, 1dentity in V,
(0 T(t+ )= T(OT(s)

(1) the function T(¢)x from [0, o0) x ¥ to ¥ 1s continuous at each point
(t, x) € [0, 0)x V
A 1s an mvariant set for semugroup {7(¢)} 1f
T{i)yA=Afort 20
Lemma 11 If {T(t)} 15 a compact C° semigroup on metric space V,
then

VBcV, Vi

- l ’ T( B
= o> 0 te[ty, 1] \!)
1s bounded in V

Definition 12 Let B be a subset of ¥ and U be an open subset
containing B Then B 1s said to be absorbed n the set U 1f the orbit of each
limited subset of U 1n B after certain conditions

(1) for every By < U, By 1s bounded,
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(1) there exists IR, such that
T(t)By ¢ B, Vt2 Ig,

B can also to be absorbed in all finite subsets of V'
Defimition 13 Let By, B, be two subsets of V' Then we say that B, 1s
{T(1)}-attracted by By 1f
d(T(t)B,, B;) > 0 as 1 — o foreach r 2 0
and

d(T(t)B, B))= sup inf disty (b, bsy)
byeT(¢) B, 1€8

Corollary 11 Let {T(t)} be a C° semigroup on a metric space V If

{T (1)} 1s strongly continuous and asymptotically smooth on V, and the set

U T(t)B

120
1s bounded for some number t > 0, then the semigroup {T(t)} 1s compact in V

Defimtion 14 Tet V be a norm space For anv B — V  positive orbit
v (B) can be defined as
v'(8) = T8
120

Defimtion 15 Let V' be a norm space Let B < V' Then w-limuit set of B

1S

o(B) = ﬂczVUT(t)B

520 t>s

with arbit y*(B)=U

PN ~iz

Upss T()B m ¥V

oT(H)B, and clpy U, T(H)B 1s the closure of set

Ve
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Remark {7(¢)} 1s a completely continuous semigroup for # > 0 1n the

sense of Hale [1], which means the semigroup 1s compact for each bounded
set B < V' and each number 1 > 0 the set U,[o, )7(¢)B 1s bounded m ¥

The following assumptions are well known 1n [9]

Assumption A If f eV, then there exist an absorbing set in V, a
constant pg and time #o(| u(0)|) such that for the solution to u(t) = T(t)u(0)
we have for every ¢ = 14(| u(0)]),

2
0] < o - %‘(_lfI"Tm] )
VAU

with

2
0u(0)) = 5 e

2 Main Results

In this section, the existence of the global attractor 4 < R3(Q) for the

problem (11) 1s proved under Assumption A The main result 1s the
following

Theorem 21 Let norm space V =R> and {T()} be a strongly
continuous semigroup Under Assumption A, if there exists an open set By
bounded in B, such that B 1s absorbed in U, then the w-limit set A = o(B) in

B 1s a compact attractor and A 1s a global attractor m U

Proof Let ¥ =R> w=(x,y, z) To show that the solution u =
(x, y, z) of (1 1) remams bounded at # — « and there 1s an absorbing set in

V, we multiply equation (1 1) sequentially with x, y and z, thus obtaining

x-‘!f-rcxz—cxy:O, 21

dt
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dv 2 s — N 2N
_y d’ T OAY T ) A)_ v, \&« «)
dz
Tt bz? — xyz = —zb(r + ) (23)

Summing equattons (2 1), (2 2) and (2 3), then differentiating and integrating
both sides, we obtain

;dt(x +y+2” )+cx2+y2+bzzz—zb(r+0) 24

Based on the square ot the absolute value, (2 4) becomes

I g

37 |u|‘+cx +y* + bz = —zb(r + ) (25)

Q.I.L

From Young’s mequality with € = 2(b —1), n = —z, m = b(r + 6), and p =

q = 2, the night side of the above equation becomes

2
— < —
zb(r + o) < (b —1)z% + 4(b )(r+o') (26)
Thus, 1t follows from (2 5) and (2 6) that
! ) ] a) ) ) bz ]
Ez|u| +0xT +y  +bzT S h-1)zZ +4(.b_l.)(r+n)

If / = min(l, ¢), then we have

2
zl—ill.llz 4 I ¥? 4+ % 4 22)2 _<-—b—(r + o)
2dadt' N 4b-1)

which 1s equivalent to

1d

2
o ul + il <

b
ST )(r +6)%,

|u| +2|u|* < =—(r + o)

Z(b 2B -1)
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Computing the differential equations respect to ¢ gives the following

L2 4 ]u]2 2 uf? < 2(b 5 (o + )2,
d o2 2,20
Gl <55 )o+@

‘”| u(t)| 4l(b )(r + 0)2 2, C,

2
| u(t)l —)(r +6)° + Ce 2
2 52 2
Taking constant C = | u(0)|" — m(r + 0)“, we have

b2 b2
|u(t)|* < 4l(b )('+G) + || u(0)]* - 4—1(5——)(““0) J S

5

b~

|uO) < u@) e + 2y

(r+c) (1-e" 21') 27
Since o, b, » > 0 and / = min(l, &), mnequality (2 7) becomes
) L] 1 Wy =]t h —It s 5
|ul)| s |u0)|e +—=——=\r+0o)ll—e ) (25)

241(b-1)

Taking the limit as # — oo, from both terms of the inequality (2 8), yields

lim sup| u(¢)| £ Im sup(l u(0)|e™ + fb_—(r +o)(l-e" )}
= =W \ AVHD—I} J

tl_n::) sup| u(r)] < tll>nolo sup( u(0)]e_h) i tllgo Sup[?_l—é)\/_——l) e G))

h —Ir
e S T )
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—~
)
\2
R

Equation (2 9) 1s equivalent to

b
lim sup| u(t)| < pg, with py = ——=(r+o0 210
Jim sup| u(r)| < po PO =T ) (10

This proves that the solution of Lorenz system 1 (1 1) remains bounded as
t —>

Next, we show the existence of the absorbing set Consider equation
(2 6) and Assumption A that

to(] u(0)]) = max 1 HO=Dal) D} u[* 0
0 AN ey )

Here we already assumed that

2 .h2(.1'+ﬁ\2
PO =" 1)

so that 7y(| w(0)]) 1s equivalent to

toll w(M ) = may(% un“ ) m nﬁ

o ) )

s

2
0
Let us choose 1(| u(0)]) = %lntl u( 2)| ] with pg < | (0)|* and R large
Po
rrnnoh cn thot it ~nelacse the hall T /N ) 1w hainh ~nmtnine lsnuﬂ/'l:d
wriMes SRR mERSeN. Sl “v A M ~ bt Y Ve e
sets B, such that
n
s < B, ») 211)
1=1
b _
with radws p > pg, pg = ———=(r + 0)

2J1b - 1)
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Fauafion (2 11) nroves that there exists an ahsarhing cet By 1n R3

Finally, we show that the w-limit set 1s compact From (2 9), we have
that all sets in B(0, R) are bounded, thus the union of that sets still contains

in B(0, R), such that

n

B < B0, B)

=1

This allows us to define the semigroup of operators {T(z)} on bounded sets

B, as follows
fEB) - | T3,
2o u(0) )

Then we take the closure of each orbit based on Definition 1 5 It follows that

the w-limit set 1s equivalent to

’

N \
L T(z)’B,,JUL U T(t)’BnJ =y |J 108,
r=ty(| u(0)]) r=ty(| u(0)[) rz19(| u(0))

with (U4 u(oy)) T(O)B, ) being the limut point of Urzro( uioy)) T(O)B,

Since B, exist in the notmed space V, fiom Coiollary 1 1, we have that

the set

d |J 108 212)
1210(] u(0)])

is closcd

From Definition 1 5, we have

oB= () & | 108

g\ HWU) >0 12igl| H\U))|)

with:=1,2, ,n
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From (2 11) and (2 12), o(B) 1s closed Thus, w(B) 1s bounded and

hence conclude that m(B) 1s compact

To prove that w(B) attracts B,, we take supremum m, € T(¢)B, and

infimum n € ®(B) such that

d(T(¢)B,, o(B)) = sup nf _ d(m,, n)
myeT{i)By recyB)

Then
d(T(t)B,, ®(B)) > 0 as t > +o

Rased on Definition 1 3 we prove that m(R) 1s a compact attractor which

attracts all

n
s < BO. B
1=1

So the existence of global attractor 1n the Lorenz system ts proved O
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