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Abstract: The problem of asymptotic stability for some 94.% of nonlinear control
systems, where the at-ivt: degree of the system is well defined, with relative degree
being 1 and n — 1, n is the dimension of the system, is addressed in this paper. To
solve the problem, we will design an input control. For the design of input controls,
the system will be transformed through partial feedback linearization such that the
zero dynamic of the system with respect to a new state is asymptotically stable and
the new state is a linear combination of state variables,
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1 Introduction

In the analysis for nonlinear control systems, there is no general method which can be
applied to any nonlinear control system in designing the control input for solving the
stability problems. Therefore, in general, the researchers describe some particular non-
linear classes only. Recently, stability problems for nonlinear control systems have been
intensively investigated. J. Naiborhu and K. Shimizu proposed a dynamic feedback
control for the asymptotic stability of a nonlinear class, where its unforced dynamic is
asymptotically stable. In 2004, P. Chen et al. [2] and L. Diao et al. [E] introduced the
problem of stability through system transformation, where the transformation of the
system is made through dynamic feedback. One of popular methods for solving stability
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problems is the input-output linearization method. Some researchers studied the stabil-
ity problems of a nonlinear control system using the input-output linearization method,
for example, Ricardo Marino and Patrizio Tomei discussed the stability of a lower
triangular nonlinear control system. Its stability control was the dynamic feedback of
order n+ 2(r — 1) (n is the system order, r is the relative degree). Results on stabiliza-
tion of nonlinear lower triangular systems with uncertainties in the output feedback form
have been presented in and . In . J. Naiborhu et al. discussed the asymptotic
stability problem for a nonlinear class, where its control's design used exact liner?ﬁ.—
tion. Furthermore, in _. the authors have addressed the problem of stabilization for a
class of nonlinear control systems with the relative degree of th stern being not well
defined. Then, in _. the authors have introduced the problem of stabilization for a class
of nonlinear systems with uncertainty. m

In this paper, we @l investigate asymptotic stability of some class of affine nonlinear
control systems, with the relative degrees of the system being 1 and n —1. For the design
of input controls, the system will be transformed through partial feedback linearization.

9 Problem Formulation
Consider the affine nonlinear control system

o(t) = fulz(t)) + folz(t)u, - (1)
where z(t) € R", u(t) € R. fi: D — R*, f(0) =0 and f, : D — R" are sufficiently
smooth in a domain 1 € R". 1

Let a state y(f) = f3(z(t)), f3: D — R be sufficiently smooth in a domain D C R" ,
f2(0) =0.
According to . if we have

y () = LY fa(z) + L, LY fa(x)u, (2)

with L_;ZLf"lf;;(‘r) =0,k=01,2,---,p—2, L_;QL_’);lf;:,[;r] # 0, for all z € Dy, then the
relative degree of the system with respect to the state y is p, 1 < p < n, in a region Dy C
i a(Lk fy) . ket a(Lh7 fol)
D, where Ly, LY fs(z) = —3—falx), L} fs(z) = L LY fa(z) = ——5—f1(x),
: B\ Ly fals A falx

13 fy(o) = AL 1), L fi(@) = 2B fi(2), 19, folz) = file).

Let the relative degree he system with respect to the state iy be p. By partial
feedback linearization, the system with respect to the state y can be transformed to

= k=12 ,p—-1, (3)

Z, = f(z)+g(2), (4)

o1 = Gpgalz), (5)

in = qn(z) (ﬁ)

with the Jacobian matrix of z(x) being nonsingular at a point xy, z = (21,20, -+ , 2p),

Y= 2.
Consider the system -. If z; = 0 for all ¢, then the system

zero dynamic with respect to the state y = z;.

is said to be
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The following theorem describes the asymptotic stability of the nonlinear system
(see ].

Theorem 2.1 Consider a system

X = flv), (7)
v o= g(v) (8)

and suppose ila v = g(v) has an asymptotically stable equilibrium at v = 0. If ¥ =
x_.f]] has an asymptotically stable equilibrium at x = 0, then the system @-@ has an
asymptotically stable equilibrium at (x,v) = (0,0).

In order to use Theorem 1, we need to choose the state variable such gat the zero
dynamic of the sgfem (1) is asymptotically stable. In this paper, we present asymptotic
stability of some class of affine nonlinear control systems, where the relative degree of the
system (L) is wll defined, with the relative degree being 1 and n — 1, n is the dimension
of the system. For a class of affine nonlinear control systems with the relative degge of
the system being 1, the input control design is needed so that the zero dynamic of the

tem is asymptotically stable. Next, for a class of affine nonlinear control systems with
the relative degree of the system bei — 1, to achieve the stability, we will design an
input control when the zero dynamic of the system is asymptotically stable.

3 Main Results

Birst, we will investigate the asymptotic stability for an affine nonlinear control sytem
1 the following form:

t=Ar+7u, x{f)eR", TER", ult)ER, (9)
with
01 0
A= - :
oo ... 1
1 0 ... 0
and 7 =1 = =0,7_1 = —ap,0 >0, 7 = ay + ¢(z1),a2 > 0, ¢(0) = 0.

The follgfling theorem states that the new state variable of the system can be
chosen such that the zero dynamic of the system is asymptotically stable.

Theorem 3.1 Suppose the nonlinear system as in equation . Then there exists a
state variable y = agry + a1 + -+ - + @y _9x, 1 + a, 11, such that the relative degree
of the system @ with respect to the state y is 1. Furthermore, the zero dynamic for the
system @ with respect to the state y is asymptotically stable.

Proof. Let y = agr) + ayxy +apry + ...+ ay_o®y g + ay_ 17, We have
Y =aprs +arr3+asry ..+ an oty +ap 171 + (an-1(0e + O(r1)) — anosog) u

Thus, the relative degree of the system with respect to the state y is 1, with
an—1 (2 + (71)) — an—poq # 0.
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Furthermore, the partial feedback linearization is

G' = . (10)

m = 72 (11)
lia = 13, (12)
(13)

??11—2 = Mn-1s (1"1)
?;J'n—]. = Iy — U, (1‘-’)

where m = @1, 172 = Za, ...y a1 = Tpo1.
We will choose the input control u such that the zero dynamic is asymptotically stable.

Next, we choose v = —kyapry — ksayxo — kganas — ... — kpan 12, with a,_, = 1. We
have
- » =1 - - — i - -
apry (_"Ll - I) Ty (—-’LQ - T]‘L) T+ a1 Ty (k= an_2)
u = -
ap + Plry) —m
_ —Blapr + miwe +asry + -0+ 1) (16)
tp + b)) — a0 :

where 8=k + 2 =ky+ 9 = ks + L = =k, +a,_o.

g i1
Next, il y(t) = 0, V¢, then the zero dynamic of the system with respect to the
state y is

m = (17)
2 = N, (18)
(19)
fln—2 = %n-1, (20)
-1 = —a071 — 0172 — @213 — «++ — dp—27n—1. (21)
From Egs. . it can be written
7 =An,

where n= (}?L:r?Zr"'rnu—l)T and

0 1 0
A = : : . :
0 0 1

—fg  —a1 ... —fp-2

If we choose ag, a1, ..., an—2 such that all the root of the characteristic polynomial of the

matrix Ay p(A) = ag+ e A + -+ a, A" 2 + A" have negative real part, then the
zero dynamic of system with respect to the state y is asymptotically stable. Hence,
there exits the state variable y = agry +a125 + -+ + a,, 1z, such that the zero dynamic

of the system with respect to the state y is asymptotically stable.
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Proposition 3.1 Consider system @ with the state y = apry +ajzy+---+a, q12,.
Chose a, 1 =1 and ap, a1, ..., a,_o such that the polynomial
PA) =ag +a A+ .+ a, AT AT (22)

1s Hurwitz. If we choose the new input v as in Eq. such that 3y = v has an asymptot-
ieally stable equilibrium at y = 0, then at using the input control in Eq._. the system
- has an asymptotically stable equilibrium at (y,n) = (0,0)). Furthermore, the
system () has an asymptotically stable equilibrium at x = 0.

Next, the affine nonlinear control system is considered m the following form:
t=Me+Tu+8(x),z(t) e R" ult) R, (23)

with 9(1“1] € CO‘J(R“]r E(OJ = Or T= (0~0~ ' !OST“—].ETH]T! Tn—1 '_fé 0,

o1 0 ... 0
001 ...0
Tu—lz_‘ru:"‘-f: .91(1"1)—92(1"1)— —9“(1"]_]:0
000 ... 1
000 ... 0

Theorem 3.2 Suppose the nonlinear system as in equation (23)). Let the state vari-
ables y = awy + 19 + -+ 1, « # 1. Then the relative degree of the system with
respect to the state y is n — 1. Furthermore, the zero dynamic for the system (23) with
respect to the state y is asymptotically stable.

Proof. Let y=az, a=(a,1,...,1), 7 = (11, 79,...,7,)7, a # 1. We have
y = ai=aMz+ab(z), (24)
) . o
i = aM z+aMb(z)+a—, (25)
dt
: (26)
y{“’gj = a;l-f{“’”:r.—a;lf'ﬁm(:rl] + - -—a;l-f(ﬁ(:rL]J{“"”—a(ﬁ(:rl)(“’lﬂ,(27)
y{“_ U = gm0z 4 a;‘»f{"_glﬂ(xlj e
+aM Bz, )" +a(B(z) " + b, (1 — a)u. (28)

Thus, the relative degree of the system with respect to the state y is n — 1.
Furthermore, the linearized input state for system with respect to the state y = z;
is

2&' = zk‘+l.~k:1.~2.~"‘:n72r (2':])
211—1 = f(2~?]i) _Q(Zs?ﬂ"-s (30)
§ = d1tEattin=n—m (31)

[ _
o

with f(z,n) = aM ™ Yz + aM"=20(zy) + - + aM(B(x1)) "3 + a(f(z,)) "2,
glz.n) =by(l—a), a# 1, z = (21, 20,. ... Zn—1).
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Furthermore, we will investigate the stability of the zero dynamic of the system
with respect to the state y = z;. Consider

. R S k|
mp = —z) =9 —nl_——) (32)
If 2y =0 and 0 < a < 1, then
_e” 33)
mp=_——7 <0 BE

Therefore, the zero dynamic of the system with respect to the state y = z; is
asymptotically stable.

Consider the system -. If we choose the input control

1
glz.m)

n =

(—flz.n) —coz1 —c1zo — . —Cnpzn1), (34)

then we have the normal form of the system with respect to the state y = z;

¢ = Bz (35)
o= qlz,n), (36)
with
0 1 0
B— : S :
0 0 1
-y —C1 ... —Cn-2

n=gq(z,n in Eq.. In particulir, the matrix B has a characteristic polynomial
p(A) =co+ 1A+ F AT AL (37)

Because the zero dynamic of the system with respect to the state y 15 2! has an
asymptotically stable equilibrium at w = 0 and if we choose ¢y, €1, -+ , en—2 such that all
thy ts of the polynomial p(\) have negative real part, then the system - has
an asymptotically stable equilibrinm at (z,5) = (0,0).

Proposition 3.2 Consider the zero dynamic of the system (23 with respect to the
state y = z1. Let all the roots of the polynomial in Eq. have negative real part. Then,
at using the input control in Eq.(34)), the system — has an asymptotically stable
equilibrium at (z,n) = (0,0).

Example 3.1 Suppose the nonlinear control system is

n = m (3%)
Ty = Iz —ou, (39)
Ty = 1+ (g + rf) . (40)

Let y = cpry + ¢y + xg. Then § = epwe + cyrg + 7 + (g + ;If — Cp06 L.
Thus, if oy > ejaq, the relative degree is one for all z. Then, according to _. the

input control is
[ - - - -
= (cory + 1 + ey + 14

u(t) = (41)

ag + 15— c1ag
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with 7 =k, + (i” =k +2= ks + 1. If we choose ky, ky, k3 > 0 and ¢g, e; such that all

roots of the polynomial p(A) = ¢y + ¢; A + A? are Hurwitz, then the system || has
an asymptotically stable equilibrinm at (z1,x2,23) = (0,0,0).

Simulation result is sh in Fig.la for constants ky = % ko = %J.:;:, =5, oy =
6,e; = 5. The initial value z;(0) = —1,5, x5(0) = 2,5, 23(0) = —3.
Example 3.2 Suppose the nonlinear control system is
:fl = IzT :T.‘%_. (-12)
:fz = I3 —UuU-+ :1"%_. (-13)
T3 = u—2xt (44)

with respect to the state y = ax1 + 0 + 23

3
The relative degree of the system ([42)
is 2, 0 < v < 1. The system Il can be transformed to

= Zg,

= = flz.n)+glz), (45)
i= = (559).

with y = 21, f(z,7) = ars + (o — 2)] + 2(a — D)z170 + 2(00 — 1)2¥,

Q(ZJ?) =l-a.
Thus, the zero dynamic of the system

l with respect to the state y = z; is

asymptotically stable. Then, according to (34)), the input control is
= ! 46
u= 1_n_(—a[z,n]—c[}zl—clzz]. (46)
If we choose cy,cy such that all roots of the polynomial p(A) = ¢y + 1A + A? have

negative real part, then the system - has an asymptotically stable equilibrium at
(.T.]__..T.'Q_..r:;) = (0~0~0)

a b
Figure 1: a) simulation result for Example b) simulation result for E-xamplc

Simulation result is shown in Fig.1b for constants oo = 0,5, ¢y = 6,7 = 5. The initial
value x1(0) = =3, z2(0) = 5, z3(0) = —6.
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4 Conclusion

In this paper, we have investigated asymptotic stability @some ﬁss of affine nonlinear
control systems through partial feedback liearization. Forg class of affine nonlinear
control systems with the relative degree offhe system with respect to the state y
being 1, the input control is @@signed so that the zero dynamic of the system is
asymptotically stable. Next, for lass of affine nonlinear control systems with the
relative degree of the system with res@: to the state y being n — 1, the input
control is designed when the zero dynamic of the system is asymptotically stable,
where the state y is the linear combination of the state variables.
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