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Abstract. This article deals with the dynamics of prey and predator populations in a two patch
environment, a protected area and an unprotected area for fishing. The prey disperses between
the two patches and migrates easily. There are two predators, one is in the protected area and
another is in the unprotected area. The predators cannot migrate. Both prey and predator in
unprotected area are harvested with constant efforts. The dynamical behavior of the populations
is stated as a system of differential equations. The existence of a positive equilibrium point and
its stability are investigated. We discuss the local stability of the positive equilibrium point. The
stable equilibrium point is then associated with optimal harvesting problems. Based on the
analysis, we found that there exist a stable positive equilibrium point when there is no harvesting.
For model with constant efforts for both prey and predator, we found that over fishing will
maximize the profit but the predator in the unprotected area will be extinct. With the help of
Pontryagin’s maximum principle in maximizing the present value of revenues, we found the
extremal of the efforts that maximize the present value of revenues. This means that both prey
and predator in the protected area as well as the prey and predator in the unprotected area are
possibly coexist although the prey and the predator in the unprotected area are harvested with
constant efforts. Some numerical simulations area given to confirm the result of analysis.

Keywords: Predator-prey, two patch environment, stability, protected area,
present value of revenue

12
,lntroduclion

The study of dynamical behavior of prey and predator populations does not only focus on how to control
the population from the extinction. Fishery industries need some strategies to manage the population in
order to get the optimal harvesting and the population will not lead to the extinction. In the exploitation
activities, there are many things that need to be controlled so that the populations as valuable stocks can
be well managed.

In the study of prey and predator models, some authors considered many factors in the models in the
various Erspectives‘ Some models with harvesting, migration, diffusion, stage structure, or hyesting
and tax, have been studied in details by many authors. Some g§earchers considered the models with one
prey and one predator, two preys and one predator, or prey with stage structure and one predator, with
and witfgput harvesting.

The prey-predator model with stage structure for predator in a two patch environment with harvesting
in the unprotected area was discussed in [1] and determined a certain conditions to get an optimal
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harvesting. A model with harvesting in reserve area was considered and inserted tax as a control to
prevent over explotation of the population [2] and harvesting to get the maximum value of present value
of revenues [3.4].

Becuase of the complexity of dynamics of prey and predator fisheries, some researchers considered
the selective harvesting in the models. Those who have considered selective harvesting of the prey, for
examples in [2, 5, 6]. The studies of prey andipredator models with selective harvesting of the predator,
for examples in [7, 8, 9, 10]. The sigffies of prey and predator models with both prey and predator are
harvested, for examples in [4, 11]. The dynamics of prey and predator fishery models in a two patch
environment, protected area and unprotected area for any kind of fishing, with harvesting in the
unprotected area and problems of maximizing the profit as well as present value of revenues have been
disgfgsed in detail by many authors, for examples n [1, 2, 3, 12, 13, 14, 15].

In this article, we consider the dynamical behavior of prey and predator populations in a two patch
environment, namely a protected area and an unprotected area fishing. The prey disperses and
migrates in the two areas. There are two kinds of predators, one is in the protected area and the other is
in the unprotected area. We suppose the predators can not migrate. Th@odcl includes four differential
equations. Both prey and predator populaffghs in the unprotected area are then harvested with constant
efforts. We analyse the existence and the stability of the positive equilibrium point. The stable
equilibrium point is then associated with the problem of maximizing profit as well as present value of
revenues. The critical points of the efforts are determined in order to get the nffimum profit as well as
maximum present value of revenues. The Routh-Hurwitz criteria are referred toEtermine the stability
of the equilibrium point. With the help of the Pontryagin’s maximum prineiple, the optimal harvesting
policy of present value of revenues can be done.

1

E)The (Iynamicso.f prey and predator in a two patch environment

We consider a prey-predator fishery management in a two patch environment, namely an unprotected
area for fishing and another is a protected area for any kind of fishing. The prey population disperses in
the two areas and can migrate easily from one area to another area. There is a predator preys the prey in
the unprotected area and there exists also another predator preys the prey in the protefed area. The two
patches of environment are supposed to have the same characteristics. The growth rate of the prey is
EBBumed to be logistic. The dynamical behavior of prey and predator populations is constituted as a
system of four differential equations

dx x

E:rx I—E T, X+ T,)Y — Xz

%:s‘y l—%)+r,x—rzy—a2yw

= _ g : M
— = foyxz—kz

ar P 1

@—ﬁrx yw—rk,w

dr 200V 2

The symbols x= x(t) and y = y(l ) constitute the size of preys population in the unprotected area
and in the protected area at time ¢, respectively. The symbols z =z (t ) and w=w (f bnstitute the size

of predators population in the unprotected area and in the protected area at time £ Parameters » and s
state the intrinsic @wth rate for the preys in the unprotected area and in the protected area. Parameters
K and L state the carrying capacity of the environment for tlapreys in the unprotected area and in the

protected area. Parameters &f; and &; measure the intensity interaction between the prey and predator
in the unprotected area and in the protected area. The values of S, and /3, which take the value from
zero to one measure the effect of predation to the predator in the unprotected area and in the protected
area. Parameter 7, defines the migration rate from the prey in the unprotected area to the prey in the
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protected area and parameter 7, defines otherwise. Parameters kgmd k, denote the mortality rate for
the predators in the unprotected area and in the protected aredFJAll parameters of the model are supposed
to be positive. Since the model constitutes B¢ dynamics of the prey and predator populations then we
just consider the value of populaons as x(!) 20,y (1) 20,z (1)2 0,and w (1)2 0.

Under consideration that the prey and predator populations are ffhable stocks, the prey and predator

in the unprotected area are exploited with constant efforts. The dynamical behavior of the prey and
predator populations is then extended and written in the form of

dx x

E:} I_E -, X+ 7,y —oxz—q,Ex
d

?’r:sy l—%]+rlx—rzy—a2yw

dz X )
o Ponxz—kz-q,Ez
dw

— = oot YW — k. W.
” Lot yw —ky

In the model (2). parameters ¢, and g, state the cathability coefficient for the prey and predator
pu]ations respectively. Parameters | and E, state the constant efforts of harvesting which satisfy
D= /5, =15,
be analysed, namely (0, 0,0, 0), (x+m, 0, 0), (x+, V.. Z,, 0), (x+, Vs Z,s w+), and

fori=1,2 a certain value of £

imax + Lhere are five equilibrium points suitable to

max

(x V0w, ) There is only one possibe positiviggguilibrium point for the model (2), as well as for

model (1). Here, only the positive equilibrium point will be analysed. The possible positive equilibrium

ki +q,F, _ k_z
apf I N

_swl- sy + L -7, L

point for model (2) is written as EQZ(xl,yl,zl,w, ), where X; =

_ oK —rx =t K +0,0,K — q,E;x, K

. and W,

z The
: o,x, K

a L
equilibrium point F£Q = (Jc1 I _.w,) become a positive equilibrium point when
K —rxlz -1 x K+, K—q ExK>0 and sy L —Syl2 +7,xL—7,y,L>0.

From the first variation of model (2), we get the Jacobian matrix as

r—&—fl—alz—q,E, 7, —-a,x 0
K
A= 7, S*%*Q*“e“’ 0 —a,y
oz 0 a frx—k - q,E, 0
0 o, oW 0 oy — ks
After substituting the equilibrium point £Q = (xl > W 2 _._w,) into the Jacobian matrix 4 we get
d 7, -d, 0
4 =| T d, 0 -d,
r=ld, 0 d, 0
0 d 0 d,
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where  d, = r_%_rl -z —q k. dy=ox,, d; =S—%_I2 =W, dy=a,),
ds=ofz,. dg =, fix, =k =g, E, . dy =a, fow,  and dy =, 5, ¥, — ks .

The characteristic equation associated with the Jacobian matrix A is given by f(4) = det(ﬂ.! — A ),
ie. f(A)=A" +b, 8 +b, 4% +b A +b,. where

by =—(d, +d; +dg +dy). b, =(d; +dg +dy)d, +dyds +dsdg — 1,7, +d,d, +dydy +dd
bl = (_d.’-dﬁ _d?-ds _d4d? _d()ds)dl +(r172 _d_’.ds _d4d7}16 +(T|T2 _dzds)ds _dzd?-ds >
and b, =(d3d6d3 +d4d6d7)d| +d,d,did, —r7,d.d, +d,d,d.d; .

The equilibrium point# = (x| M 21s W') is locally asymptotically stable when the Routh-Hurwitz
stability test [16]. i.e. by >0, 8, >0, b, >0, b, >0, and b;b,b, —b —b,b; >0 are satisfied.

Example 1. Suppose the parameter values for model (1) are given as r=1.5, s =15, 7=0.25,
7,=0.50, S, =0.0511, B,=0.0512, K=1000, «, =0.0521, a,=0.0522. L=1000,
k, =051, and %k, =0.52 in appropriate units Then we have the positive equilibrium point
@ = (19 1.56297,194.56418 28.22436,18.281 55). The characteristic equation associated with
Jacobian matrix evaluated at the equilibrium point EQ is
F(2)=2* +1.333162° +1.548982% + 0.798064 + 0.37215. From the characteristic equation, it is
easy to check that the Routh-HurwiEBriterion follows and the eigen values —0.50382+0.6163
and —0.16277+0.7488G/ . All of real parts of the eigen values are negative, then the equilibrium point

EQ is locally asymptotically stable. This means the two preys and the two predators will be sustainable
for a long period of time.

3. OptimafEhrvesting policies

The stable positive equilibrium point £Q of the model (2) is associated with the maximum profit
problem. Under consideration that both prey and predator populations in the unprotected area for fishing
are economically valuable, then the populations in that area are harvested with constant efforts.
Exploitation activities require cost ffJction and gives revenue consequences. Then we define the total
cost function as 7C =cE | where c denotes the unit cost of exploitation and ¥ is the constant harvesting
effort. While the total revenue function is denoted as 7R = pY(E). where p is the unit price of
population stock (V). The yield of exploitation is then denoted by Y (E.N)=¢gEN | where ¢ is the
cathability coefficient of the population. Therefore we get the profit function as 7 =TR —7C. Since
the positive equilibrium point £EQ = (x, M- 2 ,w,) depends on the efforts then the profit function
depends also on the efforts and then it is written as 7(£) =TR(E) -TC(E).

In order to get the equilibrium point £Q = (xl > Vs 2 e“"1) become a positive point, the values of
harvesting  efforts E and E, have  to follow  the  conditions (1)
K —rx]2 -5, K+, K—q,Ex,K >0 and (i1) s»j»’]»f,—s)»’]2 +7,x,L—7,y,L >0. Condition
(i) 1s written as

E < f(E,)= ‘

- a1 Ka ooy (b + 4,5
—rKa, B, Bk, —rKet, B, proy g, B, _deﬂszfz + 1, Ke, foa, By + 7 Ke, B, gy }

{ rkﬁ“zﬁz + "‘I%Ez?“zﬁz +2rk s frq, E,
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Condition (ii) can be written as
E SE., =_ piaiky LB,y + fiankss + fiakyt, Ly, —kt Lpsas
2 21 = :
4.0 Lp5 o,

The equilibium point FEQ becomes a positive point when (£, Ez) €D, where
D= {(E],EZ): 0<E < rnin{Elmaxﬂ.f(EZ)}? ma-‘{(}»Ez.l }S E, <E, }
The profit function from the exploitation of both prey and predator in the unprotected area at the
equilibrium point £Q = (x, > M 21, “"1) 1s given by

7(ELEy) = panE + pgy 2, E, - (cl E, +02E2)- (3)
The profit function (3) will be maximized in the feasible region of D for some values of I

E.

2max *

Imax and

The critical values of the efforts £, and [, are determined by considering the first partial
derivatives and the critical values of the efforts at the boundary of D.

dx d
The biological equilibrium 1s determined by evaluating the system of equations E =0, F)t} =
dz dw , , L .
E =0, and E =0, simultaneously. The economic equilibrium is reached when the total revenue is

the same with the total cost. The profit function for the efffloited prey and predator populations is written
as 7(Ev E3) = payxE, +p1q:2B; ¢, — B, objective is to maximize the present value of net

revenues for infinite horizon problem which is given by

J = ,[:te-r* {(pﬂIx_Cl)El Q] +(P2922 _Cz)Ez Q) a : (C))
The symbol & states the discount rate (gfhe net revenue. Our goal 1s to maximize the present value of
J subject to the system of equations (2) with the help of the P@tryagin’s maximum principle, as stated
in [17]. The control variables E,(f) and E,(f) are subject to the conditions 0< E, (f) < E, .. for
=g
From the problem and improper integral equation (4) we write the Hamiltonian function as

H:e'ﬂ{(p]g,x—c,)E, +(p2qzz-cz)E2}+ /'Ll{rx—%xg -r]x+rzy-a]xz-q,E]x}

3
4 § 4

"'/'vz{s}"z}" +r,x—’r2y—a'2yw}+/l,,{ﬁ]a]xz—k,z—q3E22 }"’ Xq{ﬁz“z}””‘kzw }>

0,
where the variables A, (¢), A, (). A;(¢) .and A, (#) denote the adjoints of the problem. We set % =0
1

oH . . . .
and —— =0 as the necessary conditions for the control variables E, and F, to be optimal. From the
2

Hamiltonian ~ equation  (5). we  have P =e¥(pgx-c)-A4qx=0 and
!

— it —dt
ﬂ:g“"’ (quzz_cz)_;",iqzz =0. Then we get 4, =& X6 (P'qlx C') and A =8 \Pah276) (P;f.?;z Cz),
Ok, qx 42
From the Pontryagin’s maximum principle A, = & , L =2 , Ay = & ,and 4, = R
ox oy 0z ow

)_‘i p— ,_‘* p—
and adjoint variables 2,(t) = M and A,4(t)= M then solving them to find

qx 922
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the remains adjoint variables A, () and A, (). The adjoint variables A, (f) and A, (¢) are determined

by solving the system of differential equations A, + (s - % -7, — i, w] Ay + Prtawiy = —1,4, and

/14+(ﬁ2():2 v—k, ) Ay, —0y 7, =0 which satisfy the transversality conditions A,(#) =0 and 4,(1) =0,
as f tends to infinity.

Substitute A4, (1), A, (1), A (f),and A, (r) into the system of equations /":, = —% and ?1:3 = —%
and solving thengsg get E, and E,. Now, the control variables £, and E, still depend onx, y, z, and
w, le, E =E (x,y,z,w) and E, = Ez(x,y,z,w)_ By substituting X=X, = %

121
V== k, 1 P rx,K—rx,2 —'rlx,K+'r2y,K—q1E1x1K1 and
a,p, axK
w=w = WL = S 2(:;1? Lol we possibly get the suitable values of control variables E,
2.1

and E,. The values of E|, F,, X, and z, maximize the present value of revenues .J.

Example 2. Suppose the parameter values for model (2) are given as r=35, s=3.5, 7=0.25,
7,=0.50, 8, =0.1511, B, =0.1512 K =100000,¢r; = 0.1221, ¢, =0.1222, L. =1000 ,
k, =061k, =0.62,4,=0.5,and g,=0.5 in appropriate units. Take p,=10,p,=12 ¢,=5,
and c¢,=6. Then we get equilibium point EQ= (x1 S Vs 21 W ) . where
x, =33.06357+27.10128E, . v, =33.55585,

7.7205-10"° +5.8678-10"°E, —1.7138-10" E5 —1.1021-10'° E, —9.0338-10" E, E,
= 4.5132:10"° +3.6993-10'° E, ’

and

w, =28.60195+1.652304F, .

Suppose that K. =1 and FE, . =1 then we get the feasible region of
D={(E,,E,):0<E, <minfl, (£, )}, max{0,E, }< E, <1}. After doing a few calculations we
get the value of E,, as E, =-1731034 and
(E)- 0.02600(~ 62181 E2 +2.12899-10° E, +2.80121-10" )

8.52203-10° £, +1.039688-10°
f(E,)>6.77465  for  E,€[0,1].  Then the region of D  becomes
D= {(El E,):0<E <1,0<E, <1 } The profit function is now written as
5.000-107"

m(E.Ey) = : —— {6,472-10”!5]+9,783-10”E,E2+3.6?1E,E§+
2.018:10° +1.654-10° E,

6.706-10'" E, +5.082-10'7 £ —1.542-10" E; }

It is easy to check that

The critical values of the efforts £, and F, are determined by considering the first partial
derivatives and the values at the boundary of D and we get a pair of the critical value of efforts
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(4]
(El' o By ): (1, 1) that maximizes the profit function with the value of 7(1,1) =431.7077. The value
of efforts £, =1 and £, =1 are at the maximum level. The value pairs of the efforts lies at the
boundary of /. The critical value (E L E 2')= (1, 1) gives a positive equilibrium point
EQ= (60. 165,33.556, 23.647, 30.254) . The eigen values associated wifgghe positive equilibrium
point are —0.03487+1.750437 and —0.26061%1.526027 . This means that the equilibrium point

EQ is locall}mymptotically stable. In this situation, the populations will coexist for a long period of

time although the prey and the predator populations in the unprotected area for fishing are harvested at
the maximum level of efforts.

Example 3. Suppose the parameter values for model (2) are given as #=1.5, s =15, 7,=0.25,
7,=0350, 5, =0.0511, f,=0.0512, K=1000, o =0.0521, «,=0.0522, L=1000,
k, =051, k&, =052, ¢,=0.8 and g,=0.5 in appropriate units. Take p,=10, p,=12 ¢,=5,
¢,=06.and & =0.005 in appropriate units. Then we have equilibrium point EQ = (x, s Vs 2 W, )
where x; =191.56296+186.80683F, . ¥, =194.56418,

0.01919(1250x, +1.5x7 —97282.08810+800x, F,
z,= 2505 ' ' ‘), and w,=18.28156+4.62294F, .
"
With the help of the Pontryagin’s maximum principle and by considering the transversality condition
for the infinite horizon problem we get £, =1.07984 and F, =1.18462. Then the positive equilibrium
point is EQ= (4 14.0431,194.5642, 0.0003, 23.7@)) with the eigen wvalues -1.00773,

—0.33606+0.65943% , and —0.00002. Under these conditions, the positive equilibrium point £Q is

locally asymptotically stable. The adjoint variables are written as 4, =9.98490¢™" oost
A, =—0.03846 ¢ ¥ 1 = 4165355154 "% and A, = 78.12952 ¢ *”¥ . Then we get the
maximum present value of the revenues J = _[:3564.3 17259 ¢ dr =7.12863451810° .

4. Conclusions

We have studied the dynamical behavior of prey and predator in a two patch environment. The model
for dynamics of prey and predator without harvesting in the protected area for fishing as well as in the
Ebrotected area for fishing possibly has a positive equilibrium point. Undeffcertain conditions of
parameter values, the equilibrium point is local Zsymptotically stable which means that the prey and
predator populations can live in coexistence for a long period of time.

@ For the model with harvesting of prey and predator in the unprotected area for fishing, the stable
equilibrium point is related to the problems of maximizing profit and present value of revenues. When
the prey and predator are harvested at the maximum level of the efforts. the exploitation activity
maximiff the profit function, but over exploitation will lead to the extinction for harvested predator.
For the problem of maximizing the present value @revenues, there exists the extremal for the efforts
maximizing the present value of revenues. Beside that, the prey and predator populations will remain
coexistence for a long period of time.
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