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ARTICLE INFO ABSTRACT
KfJ'WQrIFS-' The problem of output tracking for a class of nonlinear systems whose zero dynamics are not
Relative degree of the system necessarily stable is addressed in this paper. To solve the problem, we transform the systems

Minimum phase system
Mon-minimum phase system
Steepest descent control

into a normal form which is minimum phase with respect to a virtual output, which is alinear
combination of state variables. By applying the modified steepest descent control, the system
output track to the desired output.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

In the output tracking theory, the input output linearization is one of the most available methods [1]. If the nonlinear system
has a stable zero dynamics, a static control law can be chosen such that the system output track to the desired output [1]. On the
other hand, if the zero dynamics is unstable, the nonlinear system is cal a non-minimum phase [2]. Thus, the standard input
output linearization leads to an unstable closed loop system. Recently, output tracking problems for nonlinear non-minimum
phase systems have been intensively investigated. The stable inversion proposed in [3] and [4] is an iterative solution to the
tracking problem with the unstable zero dynamics. This method requires the system to have well defined relative degree and
hyperbolic dynamics, i.e. no eigenvalues on the imaginary axis. In [5], control design procedure for the output tracking was
proposed. The design procedure consists of two steps. In the first step, the standard input output linearization is applied. In the
second step, we group an output with the internal dynamics as one subsystem, which is usually nonlinear, and the rest of the
output as the other subsystem that is linear, the nonlinear subsystems is linearized about its equilibrium. In [6], the asymptotic
output tracking which is a class of causal non-minimum phase uncertain nonlinear systems is achieved by using higher order
sliding modes (HOSM ) without reduction of the input-output dynamics order. In|[7], ]. Naiborhu et.al have developed a method
to design the input control to track the output of a non-minimum phase nonlinear systems asymptotically. The design of the
QJut control is based on the exact linearization. To perform an exact linearization, the output should be selected such that its
relative degree is equal to the dimension of the system. Results on stabilization of non-minimum phase system in tifffoutput
feedback form have been presented inIn[8], [9], [10]. The main idea in [8], [9], [10] is ou@@t reconstruction such that becomes
minimum phase with respect to a new output. Riccardo Marino a Patrizio Tomei | 8] e shown how to design a globally
stabilizing dynamic output feedback controller of order n + 2(p — 1)(n is the system order, p is the relative degree) for a class
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2
of nonlinear non-minimum phase systems. To design a dynamic output feedback controller, then the system isgquired to be
minimum phase with respect to a linear combination of the state variables.

[ 11] has introduced a dynamic feedback control for the asymptotically stability of the minimum phase nonlineaif§l§stem
where unforced dynamic of the system is globally asymptotically stable. In this paperEe will modify the steepest descent
control for output tracking of a class non-minimum phase affine nonlinear system, where the relative degree of the system is not
welldefined. The modification is the addition of an input artificial of the steepest descent control which is different to the one in
[11]. |@®his paper, we show that the modified steepest descent control can be applied to the unstable unforced system also. To
apply the modified steepest descent control, the system output will be redefined such that the system becomes minimum phase
with respect to a new output.

2. Problem statement and definitions

Consider SISO affine nonlinear control system

x(t) = fx(0)) + gx(£))u(t), (1)

y(t) = hix(t) (2)
where x(t) « R" is the state vector, u(t) R is the control input and y(r) = R is the measured output. f : R" — R" is a smooth
function with f(0) =0, g: 7 R'and h: ®R"™ — R are smooth function. Assume also that h(0) = 0.

In the following we write the definition of relative degree of the system {1)-(2) according to [sidori [1],

Definition 1. The nonlinear system (1)-(2) is said to have a relative degree r at a point x;, if

(i) “—:’:Jg{x) =0 forall x in a neighborhood of xgand k = r—1

v fylr=11
(i) 25—8(x0) # 0

Definition 1 means that 1eed to differentiate the output of a system r times to generate an explicit relationship between
the output y and input u. Let the relative degree of the system be r. Then we have

YOt = alx(®)) + b(x(t))u, (3)
where
ax(®) = 22 100 and b)) = 227 gx0).
Consider again the system ( 1)-(2) in normal form
Eo= &y k=1...r-1 (4)
& = a€. ) + bE. nu (5)
7 =aq.n)
y =&
with the internal dynamics
7=q(&.1n). (6)
Lete;(t) = &(0) — vy V(0. i=1..... r
Then
€ = €. k=1,...r-1 (7)
é = ale+ys.m) + ble+ys.mu -y’ (8)

7 = qle+yq.n),

where y, is the desired output.
From input-output linearization technique [1], control input u is chosen as

- [ N
u= b(E,' + V4. ]1}( ﬂ(9+yd. }T} +yd ECU—H(& yd' )) [9)

such that y(r), — Vg, t — =o. The control law (9) can only be used if the system (1)-(2) is a minimum phase. Furthermaore, for
handling the case b((& . n)(t;)) = 0forat = t;, we used the polynomial control [7]

m-1
ug(t) =3 ”i(lt‘}(t—ts}", tet;—e€, t;+€]. Ve = 0. (10)

i=0
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The value u'(t;), i = 0.1, ... is solution of equation systems
yyk(fs) = (E () ults), ults), .. .. uw_n(fs)}- k=1, (11)

where y4(t) is the desired output. A problem occures if system (1)-(2) is non-minimum phase. This problem is quite difficult
to solve. Most of researcher restrict their research to some special nonlineal’sses only. In this paper, we present the output
tracking for a class non-minimum phase affine nonlinear system, where the relative degree of the system is not well defined,
with relative degree being n — 1, n is the dimension of the system. To achieve the output tracking, we will modify the steepest
descent control. The modified version of steepest descent control is as follows:

= - 40, (12)

where Fis a descent function which has a variable as solution of internal dynamics system. So, the design of dynamic feedback
control cannot be initiated from the output causing the system to be non-minimum phase. Therefore, the output of the system

will be redefffled such that the system will become minimum phase with respect to a new output. An artificial input v will be
determined such that the descent function becomes minimum.

3. Output tracking
We will investigate the output tracking for a non-minimum phase nonlinear system. The non-minimum phase system in the

following form

X=Ax+bu+e¢x) x(t) e R", u(t) R (13)

y=x (14)
in which ¢(x) is smooth vector field in R", with ¢(0)=0. b=[0..... 0.by_1.ba]", byy #0. by = —bn. () =
0. ... 0. ¢y _2(x). 1 (x), pn(x)]", where g5 (x(t)) = yhi(xn_1). @n1(X) = yha(xn_1). ¢n(x) = yh3(xy_1). with

o 1 ... 0
Pn2(X) + @ngx) + ¢nlx) =0, and A=}
o o ... 1
o 0o ... 0
Consider the nonlinear system [ 13)-(14). We have
X.-] = X2
X1 = X3
X" = Xy g+ X0y (3 0)

=1y . d
P T X Ga1)

. dh _ .
= Xp_1 (1 +x (;x(;njj})) + i (xa1)x
e

- +¢n-1<xn(1 + (W))

+ (b ) (1 +x (%"]”)) £y (1)

Thusge relative degree of the system {13)-(14)isn — 1.
The system (13 )-( 14), can be transformed to

E o= Eu. k=1, n-2 (15)
i1 = a€.n) + bE. nu (16)
N = Xp_1 + Xy
= 1] —Xn—1 + Yha(¥n_1) + Yhs(xn_1)
y=£&.
Then the zero dynamic of the system (13)-(14) is
=n.

Thus the system { 12)-(14) is non-minimum phase.




500 Firman et al. fAp plied Mathe matics and Computation 269 (2015) 497-506

Oul'gjective is to make the output system (13)-(14) track the desired output while keeping the ne bounded. To make the
system (13 )~ 14) track the desired output, we will use the dynamic feedback control. Therefore, the system output (13 ) will be
redefined such that it becomes minimum phase. In this paper, the output that will be selected is a linear combination of the state
variables. The following Lemma stateﬁ'lat the output of the system can be chosen such that the system (13 ) is minimum phase.

Lemma 1. Consider system { 13). Then there exists a linear combination of the $ffe variables ;« = cx = [cy ¢3 ... cy|x such that the
relative degree of the system (13) with respect to output i is n — 1. Furthermore the system ( 13) with respect to output ¢ is minimum
phase.

Proof. Llet it =cx =[cy ¢z ... cplx. We will choose ¢y, c3, ..., ¢; such that the relative degree of the system (13) with respect to
output i is n— 1. We have

o= cx = cAx + cbu + th(x)

If (chju = 0, then ¢,_y = cp. Furthermore if cg(x) =0, then ¢, 2 = ¢y_1 = Cn-
By ox=[cy c2 ... Gy Ch_2 Ch_2]x, we have

il = cA%x + cAbu + cAd (%) = cA®x + cAd(x)
If cAgh(x) = 0, thenc,_3 = >

By cx =[cy €2 ... Cq_3 Ch_3 Cp_3 Cp_3|X. We have
fi = cAx + cA2g(x)
Next, we choose c3 =3 =C4 = ... = . We have
w2 = A2y 1 cAT P ep(x). (17)
Ifcq # ty, then cA" 3@ (x) = xqh(x,_1).
Thus

d d
n-1y _ (n—2)
n =T cA X+ I (x1h(x,_1))
C1{Xn + 1 (X)) + Can (%) + X1 h (X 1)

dh(x,_1)
+X‘Jd7“(xn + n_1(x))
Xn-1
dhxy 4)
+ by qu| € — g+ Xy —m— |. O
n-1 ( 1 2 1 dx,
Therefol'egere exists the linear combination of the state variables jt =¥ =c; ¢z ... . with =G =... =0 O £ 0

such that the relative degree of the system (13 ) with respect to output g isn — 1.
Furthermore the internal dynamic (13) in respect to output g is

1= dn_1 + &y = Xg + a1 (0 + (%)
Xn — @n_2(x) (18)
From Eq. (17), we have
'ugn-zl — CA("_2]X+CA(H_3]¢ (x)
= C1Xp1 + CaXn + Ly 2 (X) + Co(n_1 (X) + Pn(X)).
We choosecy =c3 — 1.z = 2. Then
P = 01Xy + CXn — P2 (X)
= C1Xp_1 + C1Xn + Xp — Pn_2(X). (19)

Thus, the internal dynamic is

= xn+ 1" — (X + xn) — Xy

= pu'"=2 e (20)
Therefore, the zero dynamic ( 13) in respect to output ¢ is

1] =gg11]- (21)

Hence, there exists the linear combination of the state variables it =cx=[c1 62 ... Gix. Witho =3 =...=lh.c1 =02 — 1,

03 = 2 such that the system ( 13) in respect to output £ is minimum phase.

Let ptg = (€7 € ... €2)X4. WithXg = (X14 Xag ... X5q)" is the desired output of the output which has been selected. Further-
more will be set based on the desired output of the original system.

Assumption 1. Substituionx; = x5, i= 1.2, ....n— 2.
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Based on assumption 1 we have Xag. Xsd. .. .. X_1)q. respectively. Then &, = f(xq,Xp_1.Xn) can be solved by substituting
Ap_1 = Xp_1)d- ThUS Xp = Xpg. Furthermore definition error e =y — ey, with oy = tyxq4 + fXa4 + -~ + LaXpg.

We design a control law u through properties of the solution of higher order ordinary differential equation. Consider a differ-
ential equation

are' () + a2 (t) 4+ -+ aqe(t) +agelt) =0, (22)
where ris the relative degree of the system. [f a polynomial
ps) =as" +a, 18+t ms+ag (23)

is Hurwitz, then solution of differential Eq. (22) tends to zero if t — ~c. In this case for the purpose of designing the control law
required an explicit relationship between input and output. For that, we define a descent function as follows:

2
n-1
FOp . o frg - 00, p0(0) = (ZHJ(H - ua)“‘)

j=0

n-1 2
= Tae9 ). (24)
J=0

By “Trajectory Following Method" [12], the controlu is determined from the differential equation

. OF - )\ de
=50 = 20, (Zaj(e)u‘) Eau (25)

J=0
Ee control law in Eq. (25) is called the steepest descent control.
From Eq. (16), then

. v d
Iu_(n—‘l‘l = tiXp_1 + (f.] + ]}Xn — E(Qﬁn-z(x}}

= 1%+ 1 (0) + (b + D0 s (1)~ T 1 610
+u(—bn_1 —M%::j)bnq) (26)

From Eq. (26), then

o n-1 _ dhy(x,_1)
P 24, (‘J;ﬂj(e]m) (_bn_q - mﬁbn_]) (27)

Calculate the time derivative of the descent function (24) along the trajectory of the extended system

X = Ax +bu+p(x), (28)

n-1
i = —2a, (Zai (e)U‘) x (—bn_1 . xj%"”;’}bm)_ (29)
=0 -

Then we have
o 9rF . OF L
-1y _ —F.. L —— pm
Fle e, ..., e ) HEE+ ;.]é.e+ + ;-]eqn—Ile

n-1 n-3
= Z(Z (it udw‘) [ > ap(tA0 D5~ ) 45~ Go2() + a0 (%(mw-z‘x ~fua()) - u}f‘”)}
j=0

j=0
n—-1

+ 2(2 aj(p - ua}“‘) x |:ﬂn—‘l (%(H (¥ + Pn1 (V) + (& + Depa(x))
=0

d (. dhy (%, d dhx,
. (x]m 0) =1 L3 (4 s 0) - e+ (—bn_1 -x T

N (_bn_j i (%ﬂb))u)} (30)
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From Eq.(29), then according to (3 Oj-ge value of the time derivative of the descent function (24) along the trajectory of (28 )-(29)
cannot be guaranteed to be less than zerot = 0.

Consider the extended system (28)-(29) and the time derivative of the descent function (30). We do not have a variable
which will be used to push the time derivative of descent function (30) less than zero. Now we modify the steepest descent (25)
by adding an artificial input v. Then the extended system [ 28)-(29) becomes

X = Ax + bu+¢(x), (31)
i=-2 1y (32)

du
phe control law in Eq. (32 ) is called as nnii fied steepest descent control.
By the same way, let us calculate the time derivative of the descent function (24) along the trajectory system (31)-(32)
yielding
. aF . OF aF =l A = _ :
; n—-1)y _ 5 5 Vo X 41} . (j+1) (j+1)
Fleé, ..., e }_%E+EE+"'+Hgm—nem _Z(Zﬂj(lu—,u.d) OaJ(tA X— )

J=0 ¥

n—1
+ 0y 3(— Pn2(X)) +ay 2 (%{rﬂ‘”‘z‘x — a2 (x)) — uf;”‘”ﬂ + 2(2 a;(j — ua)‘“)
j=0
x [am (%m (a + 0100 + (6 + 1) () - o (:mu () — 2y ) g, (x))

n-1

2
d dh(xn_1) o . dhy (Xn_1)
- 'u_énl + E (_bn—I — X1 ﬁbn—l)u} - (Zan—l (g HJ-(E}“} —bn—I - X]ﬁbn—j

G dhs (xa—1)
+ 2a,_4 (Z aj-(e)‘“) (—bn_1 - X T:bnq)v (33)

J=0
Consider Eq. (33). We will choose the artificial input v such that
Fley. €. .... egn"j )} be less than zero. If we take

L2
- ‘/k(e ..... en-n)? 4 (%) ) (34)

where
n-1 n—3
ke.é.....em 1) = Z(Eﬂ;(u - ud)‘“) [ > oy (tA0x )
j=0 j=0
n—1
+ap3(— @nz(x) +a,2 (% (LA DX — 5 (%)) — Ll:}”'n)} s 2(2 aj(p — ﬂd)m)
Jj=0
x [arm (%(ﬁ (Xn +n_1(x) + (61 + Dhn(x)) — %(i]h] (Xn-1) — X1 %(?ﬁn + o (X)) —
+%(—bn_1 —xj%:)bm)u)} (35)
Then
_ o2 B L2
Fle, €, ..., egr‘)z—(g—i) —\/k(ej,___‘egn) + (g—i) (36)

dhix,_q)

Assumption 2. We choose y; = x4 such that —by,_, (1 + X1

) # 0, where yy is the desired output.

Theorem 1. Consider systems (13), with theoutput p =cx=|[cyca ... cplx. whereo =3 = ... =cp. ) = 0o — 1, i3 = 2. Choose
constants a; such that the polynomial

p(s) =ag+ay + -+ 8" +a,_,s"! -
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is Hurwitz. Then, by using the modified steepest descent control

- : dhi (xa-1)
= —2a,, (2 a (8)“‘) (—bn—1 - X T:b"") 4+, (38)
)

with v as in Eq. (34), error e tend to zero if time t goes to infinity, where e = p — j14. Furthermore the output of the original system
¥y = x; track to the desired output y 4(t).

Proof. From Eq. (36), we have F(e.é,....eM"1) < 0, if H} a;(e)' # 0. Let Z;—c (@) = 0. From Eq. (36),

Fle.é,....el"™Vy=0
Thus, the descent function (24) becomes minimum. The m_inimum value of descent function (24) is zero.
Therefore, if F(e. é. . ... etn=1)(t)) is zero, then Z}:{’, a;(e)U = 0.

Furthermore by assumption 2, if % =0, then Z'};é aj-{e)U‘ = 0.Thus, we choose a;, j = 0, ..., n— 1such that the polynomial

p(s) =ap+m5+---+ay_15"2 4+ 571 is Hurwitz, then error e goes to zero as t — oc. Thus p tend to ji4 if time t goes to
infinity. Hence the output of the original system y = x4 tracks to the desired output y4(t).

4. Example

Consider the nonlinear system (SIS0)
X‘] = X3
X3 = X3 +X1X3
x'3 = Ng — U+ X1X3 [39)
Xy = U— 2X1X3
¥y =X (40)
The nonlinear system (39)-(40) has relative degree 3 at any point xg (relative degree of the system is not well defined).
Because the stability of zero dynamic is unstable, the nonlinear system (39)-(40) is the non-minimum phase. Now, redefining
output 2, = Xy + 2x; + 2x3 + 2x4.
By considering the new output, the relative of the system (39) is 3 at any point x; ((relative degree of the system is not well
defined). The system ( 39) in normal form with respect to output z;

2'1 = I3

Z.z = Z3

73 = a(z) + b(z)u (41)
N =-n+2s,

witha(z) = x4 —xfxg — 3X X3 — XaX3 — X1Xg. D(Z) = 1 +x,.Thus the system (39) is the minimum phase with respect to the new
output.
Then according to (9) and ( 10), the static control law is

ﬁ(—a(z)+zm}—2| 1 G “(z, zU ”) it [0t — €]U[t; + €, 2]

u() = (42)
Yoo S - t) iteft,—e, ts+€],
with e = 0.001 and according to (38), the modified steepest descents control with respect to z, is
=-2(1 +x1)u3(aa(21 — Zy) + 01 (Z) — 239) + a2 (d —279) + Ha( B _ m)) + 1, (43)

where v as in Eq. (34).

(i) Let yy(f) = x,4(r) = 0.5sin(t). Next, we choose z,4(t) such that if z, (f) tracks z,4(t), then y(t) tracks the desired output y4(t).

By replacing xy with x,4(t) = 0.5sin(t). then x,; = 0.5cos(t). By replacing x with x,4(t), then x4 = —%. By replacing
_0.5cosit) 0.25sir (£}

(140 5sinit) * T+0.5:mn(r}

Thus x4 = 1/2( — 0.5c0s(t) — 0.5sin(t) + 1+3";§f;m) Now, 7,4 = 0.5cos(t).

Simulation results for the static control law (42 ) are shown in Fig. 1{a) and (b) for constants ¢y = 1, ¢y = 2, c; = 7. Initial value

X1 {0) =0, ?{'2{0) = 0.5, X3 {0) =0, x4{0) = —0.5.

Simulation results for the modified steepest descent control (43) are shown in Fig. 2(a) and (b) for constants ay = 15, a; = 23,

dz; = 9,03 = 1. Initial value x,(0) = 0, x3(0) = 0.5, x3(0) = 0, x4(0) = —0.5, u(0) = 0.2:

In Figs. 1(a) and 2(a), the output which has been selected such that the system become minimum phase track the desired

output 2,4 = 0.5cos(t).

In Figs. 1(b) and 2(b), the output of the original system track the desired outputyy = 0.5sin(t).

In Fig. 2(c), the response curve of control input.

X3 with x54(t), we have a differential equation Xy — x4 =
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(a)

(b)

=0.x4(0) = -0.5 Constants g = 1. cy =2, ¢z = 7, 2y = 0.5c0s(t), y; = 0.5sin(t).
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Fig. 2. The simulation results of the modified Steepest Descent Control.
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(i) Let y4(t) = e~* — 1. Next, we choose z,,4(t) such that if z;(t) tracks z, 4(t), then y(t) tracks to the desired output y,(t). By
replacing x; with xy4(t) = e~* — 1, then x,; = —e~'. By replacing x; with x,4(t), then x;4 = 1. By replacing x3 with x3,(t), we
have a differential equation ¥y — x4 =1 —e"t,

Thus xyy = 0.5¢~" — 1. Now, z;4 = —1.

Simulation results for the static control law (42 ) are shown in Fig. 3(a)and (b) for constantscy = 1,y = 2, i = 7. [nitial value
X1(0) =0, %(0) = 1. x3(0) =1, x4(0) = —0.5.

Simulation results for the modified steepest descent control (43) are shown in Fig. 4(a) and (b) for constants ay = 15, a; = 23,
a; =9, a3 = 1. Initial value x,(0) = 0, x3(0) = —1, x3(0) = 1, x4(0) = —0.5, u(0) = —0.5:

In Figs. 3(a) and 4(a), the output which has been selected such that the system become minimum phase track the desired
output z;; = —1.

In Figs. 3(b) and 4(b), the output of the original system track the desired output y; = e~* — 1.

In Fig. 4(c), the response curve of control input.

5. Conclusions

In this paper, we have investigated the output tracking for a class of nonlinear non-minimum phase system (13)-(14). The dy-
namic feedback control has been designed for the output tracking. The design of the dynamic conG®! is based on the modification
of the steepest descent control. To perform the design of thedBfiodified steepest descent control, the systems (13) are required to
be minimum phase with respect to a new output, where the new output is the linear combination of the state variables. Further-
more, the new desired output will be set based on the desired output of the original system. By applying the modified steepest
descent control, the system output tracks the desired output.
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