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gbstract: In this paper, we preserpe output tracking for a class of non-minimum

P8 se nonlinear uncertain systems. To achieve the output tracking, we will apply the
modified steepest descent control. To apply the modified steepest descent control,
the output of the system will be redefined so that the system will become minimum
phase with respect to a new output.

Keywords: relative degree of system; minimum phase system; non-minimum phase
system; modified steepest descent control.

Mathematics Subject Classification (2010): 93C10, 93D21.

1 Introduction

In the output tracking theory, the input-output linearim)n is one of the most available
methods . Output tracking problems for nonlinear non-minimum phase systems are
a rather difficult issue in control theory. Iost of researchers restrict their research to
some special nonlinear classes only. The stable ifjersion proposed in is an iter-
ative solution to the tracking problem with the unstable zero dynamics. This method
requires the system to have well defined relative degree and hyperbolic dynamics, i.e.
no eigenvalues on the imaginary axis. In , control design procedure for the output
tracking was proposed. The design procedure consists of two steps. At the first step, the
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standard input-output linearization is applied. At the second step, we group an output
with the internal dynamics as one subsystem, which is usually nonlinear, and the rest of
the output as the other subsystelmlat is linear, the nonlinear subsystem is linearized
about its equilibrium. In , the asymptotic output tracking which is a class of causal
non-minimum phase uncertain nonlinear systems is achieved by using higher order sliding
modes (H%‘l) without reduction of the input-output dynamics order. Results on stabi-
lization of non-minimum phase system in the output feedback form have been presented
in . ﬁ The main idea in . @ is output reconstruction Slg that the system
becomes mmimum phase with respect to a new output. Results on output tracking of
Qme class non-minimum phase nonlinear system have been presented in , . In ,
the design of the input control is based on tanct linearization.

In this paper, we will modify the steepest descent contrﬁor output tracking of a class
of non-minimum phase nonlinear uncertain systems, with relative degree being n — 1, n
is the dimension of the system. The modification is the addition of an artificial input
of the steepest descent control. The design of descent contr n not be initiated from
the output causing the system to be non-minimum phase. thmaper, to solve the
problem, we transform the system into a normal form which is minimum phase with
respect to a virtual output, which is a linear combination of state variables.

2 Problem Statement

Consider nonlinear uncertain system

i = Az +oy)+0uU(y) +bu, z(t) € R", u(t) € R, (1)
y = (2)
in which ¢(z) is smooth wvector field in R"™, with ¢(0) = 0, %) E

[61(y): G2(y)s - du()])", ¥(0) = 0, O(y) = [B2(t)e1(y), O2(t)ta(y), - .. O (t)2n (v)],
b=1[0,...,0,by_1,b]T ,

01 ... 0
bp1 #0, b1 =—b, and A = Co o
00 ... 1
00 ... 0

The relative degree of the system - isn—1.

The system can be transformed to

Z = 2+ 0 (t)(z1), (3)
= zZpptee—tr,., 1), k=2,...,n—2, (4)
Zn1 = alz,n) + bz, nNu+ep(t,zy,...,z, ), (5)
N = Iy+det+...+I,
= n-—a+oiy)+...+ o) +0(OU(Y) + ..+ O (t)Un(y),
y = 21,
with the internal dynamics
n=n—=n+¢1(y)+...+on(y) +01()1(y) + -+ Oa(t)Un(y). (6)

Then the zero dynamics of the system - is

n=1.
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Thus the system is non-minimum phase.

Our objective 18 to make the output system track the desired output. To make the
system (1)-(2) track the desired output, we will use the dynamic feedback control. The
design of the dynamic control is based on the modification of the steepest descent control.
By "Trajectory Following Method” . the steepest descent control is determined from
the differential equation @ = —%, where F' is a descent function which has a variable
as the solution of internal dynamics system. So, the modification of the steepe@flescent
control can not be initiated from the output causing the system to be non-mmimum
phase. Therefore, the output of the system will be redefined so that the system will

become minimum phase with respect to a new output.

3 Main Results

e consider system li Consider now a new output g = t1z, wigh = (« 1 1 ... 1).
he relative degree of system with respect to p is n— 1. The system (1) with respect
to g, can be transformed to

# =z +cl(t))(x1), (7)
Zk = k1 Fwi-1(t,z1, ..., Tio1), k=2,....,n—2, (8)
w1 = alz,n) + bz, pu+tw(t,rr,...,z0-2), (9)
f] = 1 +do+ ...+ In
= n—m+¢i(z1)+ ...+ @nlz1) +01(E)U1(z1) + ...+ On(B)Yn(z1),
y =  p=21.
Furthermore
m =n(n—z1+¢1(@1) +... + dalz) + 01 ()0 (21) + - + 0u(E)n(21). (10)
Assumption 3.1 ¥;(zy) < |z, Vz,, i = 1,2,...,n.
Case 1: if ¢1(z1) + da(z1) + -+ + @n(z1) = 0.
Then
ny = 07—z + 0 (i (z) + -+ ()
< 0=y + iz (00(8)] + [62(8)] + ...+ 16.(8)])
. 21— 7 2 —1
= = (22) + il 22| 00a01 + 1020+ + 0000
Thenif 2y =0 and 0 < a < 1, we have
, [(—a 0,(t Oy (t O
o (FE AL O+ D) )
o —

If |61 (2)| + |02(8)]| + ...+ |On(t)] < «, then i < 0. Therefore, the zero dynamics
with respect to output p is asymptotically stable. Thus the system with respect to
output g is minimum phase.
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Case 2 : if ¢1(zy) + dolz1) + -+ + @n(z1) = h(zy) # 0.
We have

n(n—x1+ h(z1) + 01()Y(z1) + - + 0 ()Un(z1)
n? —nx1 +nh(z) + [nlle] (61()] + 02(8)] + ... + [6a(2)])

= = 2=) an (2D ol | 2= (1001 + -+ 10a )
a—1 a—1 a-1

If 21 =0,¥tand 0 < a < 1, then

o [ —a 7] 7} ) _
m < n? ( a+ (1) +IL2_(?|| il “(t)l)) +nh (a _’71) . (12)

m)

IA

Assumption 3.2 We consider system . Choose ¢1(x1), ¢o(zy), ..., dn(z1) SO

that
—n
—_— 0.
nh (n‘ — 1) <

If |6, ()| + |02()] + ...+ |0,.(t)] < « and by Assumption we have nip < 0.
Therefore the system with respect to output p is miniﬁlm phase.

Lemma 3.1 Consider system . Then there exists a linear (:Gbination of the state
variables p = axy + 19 + 13+ ...+ 1, such that the relative degree of the system with
respect to output p isn — 1. Furthermore due to Assumption we obtain
(i) If ¢(xy) +- -+ (xy) = 0, the system with respect to output p is minimum phase,
with | 01 (t) | + [ 620t) | +...+ ()| < o, 0 < a< 1.

(i) If ¢p(zy) + -+ + ¢nlxy) # 0 and by Assumption the system with respect to
output p 1s minimum phase, with 0 < a < land |6,(t) | +...+|0.(t)| < .

Let pg4 be the desired output of the new output.

Assumption 3.3 Let z; = 29,1 =1,2,...,n— 2.

Based on Assumption we have r24, T3d, ..., T(n—1)a. respectively. Then
i, = f(x1,n-1,7,) can be solved by substituting ,,_; = z(,-1ja. Thus z,, = 4.

Furthermore the definition error e = p — pg, with pg = ar1g + r24 + -+ + Tna.
We design a control law u in terms of the properties of the solution of higher order
ordinary differential equation. Consider a differential equation

a, e (t) +a,_ 1"V () + ..+ are(t) + age(t) =0, (13)

where 7 1s the relative degree of the system. If a polynomial

-1

p(s) = (1,~Sr + a,»_ls" + ...+ a8+ ay (14)

is Hurwitz, then the solution of differential equation tends to zero if t — oo. In this
case, for the purpose of designing the control law, an explicit relationship between input
and output is required. To this end, we define a descent function as follows :

2
n—1
P, pas s feas - p @00, n370@0) = (D aj(n—pa)?
j=0
2
n—1
= | D eV (15)




