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Abstract. In this paper, we present the redefinition output approach for output tracking of
some classes of non-minimum phase nonlinear systems without and with uncertainty. Input-
Output linearization and gradient descent methods are applied to design the control. The good
result of this approach is demonstrated by 3 examples.

1.gintroduction

A system is called non-minimum phase if a nonlinear state feedback can hold the system output
identically ze iy while the internal dynamics becomes unstable [1]. Output tracking problem
for nonlinear non-minimum phase systems is a rather difficult issue in control ry. Most
of researcher restrict their research to a special class nonlinear system only. The input-output
linearization is one of the most available methods [1] for minimum phase besides the modified
mdient descent control [2]. In this paper, both methods are applied to design control after
non-minimum phase nonlinggr system is transformed to minimum phase by redefinition output
of the system. Results on stabilization of non-minimum phase system in the output feedback
form have been presented in [3], [4], [5]. The maf idea in [3], [4], [5] is output reconstruction
such that the original nonlinear systems beggfpes minimum phase with respect to a new output.
Results on output tracking of s(? classes(?non-minimum phase nonlinear system have been
presented in [6], [7]. In [6], The design of the input control is based on the exact linearization.

In this paper we give 3 examples to demonstrate how to track the output of the system
by redefinition output combine with input-output linearization or modified gradient descent
con®l. First example, the nonlinear system is assumed exact linearizable, the second example,
the nonlinear systhas the relative degree is n — 1, n is the dimension of the system. The
third example, the nonlinear system has the relative degree is n — 1 with uncertainty parameter.
For relative dgree is 1, Dimitar Ho and J.Karl Hedrick has done in [8].

Conlenl from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
v of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOL
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2. Problem Statement
Consider the following SISO affine nonlinear control system

X f(x,0) + g(x, 0)u, (1)
y = h(x) (2)

where x € R™ is the state vector, YfEJR is the control input, y € R is the measure@ntput, and
¢ is the parameter uncertainty. f: R™ — R™ is a smooth function with f(0) =§§) g: R" — R"
and h : R"™ — R are smooth functions. Assuff§ also that h(0) = 0. If the nonlinear system
(1)-(2) has relative degree r, (r < n) at 2°, by input-output linearization [1], the system (1)-(2)
can be transformed to (5]

T L k=1,r—1
S &k Ers1

- 1 & = al&n0)+b&n,0)u
S— 3
Dine 11 =q(&n,0) v
y =& = h(x),

with the internal dynamics
> i =aq(En.0). (4)
int o
The stability of the internal state n 'mequired to guarantee the output system y(t) tracks
the desired output y,(t). Our objective 1s to design input such that the output y(t) tracks the
desired output yg(t) while keeping the state bounded.
For case b(&,n,0) # 0 for t > 0, we apply input-output linearization method, i.e.,

Uy =

1
—(—a(z) + v), 5
by (@) + ) )
?ere z=1[E1, & M, Mner], ¥ = coz1 +C1ia+ -+ c,,zi") and the value of ¢;;i = 0,---n is
chosen such that the real part of the eigen values of polynomial p(s)

p(s) = eps™ + Cno18" M erst 4 e

are negative, z; = h(x).

For case b(&,7m,0) = 0 for a time ¢, we apply the modified gradient descent control[7]. Let n(t)
is a virtual output of the systems and 74(t) is the virtual desired output,and equilibriumggint
of the internal dynamics of normal form of the system. Then we find r,, as relative degree of the
system if () is the output of the system. We know that n € R then r, = [I,l, e r;;_"]

Based on y(t), n(t) and their derivatives, we construct the performance index as a descent
function as follows, .

26

2

2 i
r i n—r [ Ty X .
Byw®),nt) = | Y a0 -4 @®)) + X | 6eP® -0 ®)| . ©
=0 i=1 \ j=0
where the constants ag, - - -, a,: b},, cee bj,i, i =1,---,n—r will be chosen such that eigenvalues
7

of polynomials

ars” 4+ ar_18" 1+ +ags + ag, (7)

bre ™ 4 b _y 8™ Bs 4 by, (8)
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are real negative. Defines the descent function Fj as a quadratic function to ensure that the
function Fj has a minimum value.
The modified gradient descent control is

(IF()
u——E+L, 9)
where v is an artificial input,
O F;
k(x,u) if ;3—” £0
vo= o (10)
o i M,
du
with
1 [ R . OFy \* (0Fy\?
k(x,u) = % _W'l - \/(()—JI> + (Tll) . (11)
3. Redefinition Output Approach
3.1. Ezact Linearization 7

Consider the following SISO affine nonlinear control system

T = @y + 2:0%
T = T3 + u (12)
3 = o1 + 23
y = x1; yi(t) =sint. (13)

By using the output A(z) = x3, the nonlinear system (12) can be linearized exactly.

Z1 = 2z
2'2 _ z3 (14)
Z3 = a(z)+ u,

where a(z) = u% 2o+ (2(22 — 21) + 1) (23 — 22 — 2(22 — 21)%2 + 2(22 — z1)?). By input-output
linearization technique we get

u= —a(z)+v. (15)
Let yq(t) = sin(t) = z4(t). Next, we choose z14(t) such that if z;(¢) tracks z14(t) then
y(t) tracks the desired output y,(t). Consider the equation : &3 = x; + 3. By replacing
1 with x,4(f) = sin(f), we have a differential equation &3 — x3 = sin(t). Then, we solve
the differential equation to obtain x3 = 1/2(—sin(t) — cos(t)). This solution we state as
x34(t) = 1/2(—sin(t) — cos(t)). Thus, for the output tracking problem we have
1 3
vo=— g — Y ai1(z — zia)- (16)
a3 i=1

The simulation results is given in Figure 1.
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Figure 1. Left : Output Tracking (exact linearization), 3 to wx34; Right: Output Tracking
(original system) y to yq

. Relative degree r =n — 1
onsider the nonlinear system (SISO)

1151 = xTro

T2 = x3 +x123

'3 = ry — u+x1Ts (17)
Ty e u— 2r113

Y = xr. (18)

3
The nonlinear system (17)-(18) has relative degree 3 at any point xg (r.elative degree of the
system is not well defined). Because the stability of zero dynamic is unstable, the nonlinear
system (17)-(18) is the non-minimum phase. Now, redefining output z; = 1 + 2x2 + 22£ 224.
By considering the new output, the relative of the system (17) is 3 at any point zy ((relative
@ree of the system is not well defined). The system (17) in normal form with respect to output
21

Z1 = 2

Zy = z3

Z3 = a(z)+b(2)u (19)
n o= —-n+z,

ath a(z) = xg4 — :L"f:z:;; — 3r1xy — wowy — 21y, b(z) = 1 + x1. Thus the system (17) is the
minimum phase with respect to the new output.
Then according to (9), the modified steepest descents control with respect to z; is
3 3
(3) Z(M))) +o,

w=-2(1+ :1:1)(1‘;;(a0(z1 — z14) + a1(Z1 — z14) + a2(Z1 — Z14) + a3 (zl (20)

where v as in equation (10).
Let yq(t) = xz14(t) = 0.5sin(t). Next, we choose z14(t) such that if z;(t) tracks z14(t), then y(t)

tracks the desired output y,(t). By replacing x; with x14(t) = 0.5sin(t), then oy = 0.5cos(t).
. . 0.5sin(t)
By replacing xo with xg4(t), then z34 = ~ T705sm(0)-
. —0.5cos(t) 0.25sin>(t)
T4 = Trossim(0)? T TH05sim(l)-

Thus 24g = 1/2(~0.5c0s(t) — 0.5sin(t) + tramd o). Now, 214 = 0.5cos(1).

By replacing x3 with x34(t), we have a

differential equation x4 —
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Figure 2. Left: Output Tracking, z; to z14; Right: Output Tracking (original system) y to yq

Simulation results for the modified steepes
constants ag = 15, a; = 23, ay = 9, ag = 1.
24(0) = —0.5, u(0) = 0.2:

scent control (20) are shown in Figure 2 for
nitial value 21(0) = 0, 22(0) = 0.5, 23(0) = 0,

?, Relative degree r = n — 1 with uncertainty
onsider the following SISO affine nonlinear control system

# — Ty — :1.'::
To = X3 — u +2:L‘:13 (21)
I3 = fsin(zy) + u — 2rf
y = 1. (22)
The zero dynamic system (21)-(22) is = 7. Thus the system (21)-(22 is the non-minimum

phase.

Now redefining output : z; = ax +x2+ x3, with 0 < a < 1. Then we have the zero dynamic
system (21)-(22) with respect to the output z; is

3
: -1 -1 (-
=n- - fsin (—L ),
i=n-(75) - (25) +oo ()
and
2 4
, 2, 1 U —(_=n
= T4 pfsin (—L
nm n +Q‘_1 +(a_1)3+n ’%lll(a_l)
2 4 ‘
. n n -n
O/ i L A R — g |—
< g +a_1+(a__1)3+lnlll|a_1
oA ) (23)
o = 1] a-1

If || < «, then ) < 0. Thus the system (21) with respect to the output z; is minimum phase.
Let yy(t) = /2. By replacing 21 with 214 = y4 = /2, then 2oy = (7/2)3. By replacing o with
o4, we have a differential equation 73 —x3 = 6. Thus x35 = —60. Now, 214 = ax1q+ xog + X3¢ =
a(n/2) + (1/2)3 - 6.

The modified steepest descent control with respect to the output z; is

oF

du
where v as in equation (10).

Simulation results are shown in Figure 3 for constants ag
Initial value 21(0) = 0,5, x2(0) = 1, 23(0) = 0, u(0) = 0, 0(t)

= = —2as(ap(z1 — z14) + a1(Z1 — z14) + a2(Z1 — 214))(1 — @) + v, (24)

12, a1 = 14, a2 = 6, o = 0.75.
0.6.
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Figure 3. Left : Output Tracking, x3 to x34; Right: Output Tracking (original system)
y to ya

4. Conclusion

In this paper, we have applied the input-output linearization and modified gradient descent
control for 3 examples of the nonlinear nonminimum phase systems with or without uncgainty.
Before applying both of method, the output of the system must be efined as a linear
combination of the state variables systems, such that the system becomes minimum phase with
respect to a new output. Furthermore, the new desired ouggat will be set based on the desired
output of the original system. Simulation results are shown that the output of the systems tracks
the gytput desired of the systems. From these results, it is possible to apply both methods to
any relative degree of the nonlinear control system.
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