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Abstract. In the present article, we first introduce ﬂ definition of the discrete double-
sided quaternionic Fourier transform (DQFT) and obtain its inverse. We give examples how
to compute the D@FT. We derive a discrete version of the duality property of the DQFT.
We finally present an application of the DQFT to study the two-dimensional discrete linear
time-varying systems.

1. Introduction
In the past few years, research on quaternionic Fourier transform has developed rapidly (see, e.g.
02, 3,4, 5, 6]) Basically, there are two kinds of the quaternionic Fourier transforms, namely
the discrete quaternionic Fourier transform Bld continuous quaternionic Fourier transform
[7, 8,9, 10, 11, 12]. The discrete double-sided quaternionic Fourier transform is a generalization
of the discrete Fourier transformation [13] in the setting of quaternion algebra. Since in some
applications, we are always dealing with the discrete quaternionic Fourier transform [14, 15, 16],
it is importggy to study the properties and its relation to the other general transform. Because
the DQFT 1s a general form of the classical discrete Fourier transform (DFT), then several
results of the DFT can be transferred gggthe DQFT domain.

In this article, we first provide the definition and inverse of the discrete duble-sided
quaternionic Fourier transform (DQFT). We give examples to compute the DQFT of an image
and show that the original image can be obtained from its DQFT. We investigate in detail a
discrete version of the duality property of the DQFT. We finally show that the DQFT can be
used to studying the two-dimensional (2-D) discrete linear tele-varying systems.

The remant of the present work has been structureed as follows. In Section 2 we recall
basic results of the quaternions which will be needed later on. Section 3 provide definition
and inverse of the DQFT and obtain theorem. In this section we also presents examples to
compute the DQFT. Sectionggystudies how to apply the DQFT for studying the 2-D discrete
linear time-varying systems. In Section 5 we conclude the paper.

2. Notation
The quaternion algebra over real number R is defined by

H= {S = Sa + iSb + jsc + de | Sa, Sh, Se, Sd € R}v (1)
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which is alassociative non-commutative four-dimensional algebra. The basic elements {z,%, %}
satisfy the rules:

ij=—ji=k, jk=-kj=1, ki=—-ik=j, i®=j2=k%>=1ijk=—1. (2)
As in case of complex number, ﬁ conjugate of a quaternion z is defined by
5= 84 — 18y — JSc — ksq, (3)

and it satisfies

From (3), we easily get

s| =+v/ss = (5)
It is not difficult to see that

[sz| = |s|| 2], Vs, z € H. (6)

In view of (3) and (5), we can get the inverse of s € H\ {0} as

- N
e "
5
For future use, we introduce a finite sequence of the quaternion numbers by

{g(t,w),0<t<T,0<w< W} (8)

3. Discrete Q and its Inverse

In analogy with the discrete Fourier transformation, the discrete quaternionic Fourier transform
(DQFT) can be defined as

Definition 3.1. Given g(t,w) € HI*W of the two-dimensional discrete quaternion function.
The DQFT of g(t,w) is given by

T-1w-r .
Qq(u,v) = Z Z e T g(t,w)e "W . 9)
t=0 w=0

Observe now that according to equation (1), the above identity can be expressed as

T-1W-1
Qq(u,v) = e_'"'l#(gu(t, w) + tgp(t, w) + gge(t, w) + k:gd(t,u;))e—i‘]‘"J
t=0 w=0
Tiw-ro i
= Z Z e T (gu(t, w) + igp(t, w) + g.(t,w)g + 2galt, w))je__lJV_
t=0 w=0
T-1w-1 L T-1W-1 S
= Z e —‘ﬂ"-'_“_l.ga(f, 'llj)e_n—ﬂ.‘z‘!4 +1 Z (?_:L'l"lﬁgb(t 'u;)e_._“'t]l"A
t=0 w=0 t=0 t=0
T—1W-1 - v T-1W-1 - P
+ Z e gt w)e” WG 4 zz Z e ga(t,w)e” W g (10)
t=0 w=0 t=0 =0
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For the two-dimensional discrete real image g, equation (10) takes the form

T-1W-1 )
Qulu,v) =D D e T gult,w)e W (11)
t=0 w=0

For an illustration, let us consider how compute the DQFT of a simple image of size 2 x 2
pixels.

Example 3.1. Given an image g = ﬁg 2,?]. Then the DQFT of g is given by
61 11
In view of equation (11) we can easily obtain

Q4(0,0) =26 +20+ 10+ 5 = 61

Qg(0.1) = (0,0) +g(0,1) =5 +g(1,0) +g(1,1)e "%
=26-20+10-5=11

Qq(1,0) = g(0,0) + g(0,1) + e~ 2 g(1,0) + e~ = g(1,1)
=26+20-10-5=231

Qq(1,1) = g(0,0) + g(0,1)e~ 3" + e~ 5 g(1,0) + e~ 5 g(1,1)e” 3"
=26-20-10+5=1. (13)

Definition 3.2. The inverse two-dimensional discrete quaternion function (IDQFT) is defined
by

T-1W-1
1 2miut 2mjvw
1\ o w2
(Qy'g)(t,w) = W ;_0 E_O e T glu,v)e W . (14)

Theorem 3.1. For a discrete quaternion function g we have

Qg—l (Qg(“~ ],‘))(t, w) = g(t,w). (15)

Proof. By using Theorem 3.1 we immediately obtain

_ 1 2miut 2mjuvw
Q 1(Q('u,'z_'))(t,u;) =W e T Qu,v)e W
t=0 w=0
T-1W-1T-1W-1
1 2miut  _ 2milt _2mjrw  2mjvw
= — e T e T g(rl)e W e W
TW § :
t=0 w=0 [=0 r=0
T-1W-1T-1W—-1 _ _
1 2mit{u—1) 2mj(v—r)w
= e g, 1) (16)
TW
t=0 w=0 [=0 r=0
. . . 2mip(u=l) 2mj(v—r)g S .
It is obvious for u = [ and v = r we obtain e 7 =1l and e~ w = 1. This facts give

T-1W-1T-1W-1

DIDIDID I A (17)

t=0 w=0 [=0 r=0
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However, for u # [ and v # r we obtain

T1W1T-1W-1 2mit(u—1) 2mjlv—r)w
e 1t e w =0 (18)
t=0 w=0 [=0 r=0
In accordance with (17) and (18) we finish Ele proof of the theorem. O

The following examples describes that the original image can easily be obtained by taking
inverse of the DQFT.

61 11

Example 3.2. Let be Qg = [31 1

] be the DQFT of g. By using the IDQFT we obtain the
original image as
26 20
9= [10 5] ' (19)
This can be obtained from
1
9(0,0) = 1(61 +11 4314 1) =61

9(0.1) = fi(sg(o. 0) + Qq(0, 1) ¢*F +Qy(1,0) + Qy(1,1)e*F")

:§(61—11+31—1):20

50,0 - 1 B0+ @0 + Fom0 +Fo,a D)
=§(61+11—31—1) =10

g(11) = E(Qg(o,ﬂ) F Q0,10 + % Q,(1,0) + e~ 5 Qu(1,1)eF)
:i(61—11—31+1)=5. (20)

Now we are ready to state an important property of the DQFT (compare to [17]).

Theorem 3.2 (DQFT duality). Let Qq(u,v) be a DQF of the discrete quaternion function g.
Then we have

Qq(Qg(u, ) (L) = g(=1, 7). (21)

Proof. 1t directly follows from (9) that

~
-

r's

|
-

2milu 2mjry
Qu(Qq(,0) (1) = e Qy (u,v) e
u=0 w=0
T-1W-1T-1W-1
_2milu  _ 2miut _2mjru _ 2mjvw
= Z e T T g(t,w)e "W e W
u=0 v=0 t=0 w=0

~
|
-
-
=
|
-
h\]
|
-
=
|
-

_'.thiu(!—l)

e T g(t,w)e”

2mjv(r+w)
v

(22)

=
Il
(=1
g
I
o
Il
o
B
i}
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Notice first that if [ + ¢ # 0 and r + w # 0, then it holds

HMT]

Z >-m(l t) _".'rj!v‘(t):—u') —0. (23)

This implies that @, (Qg(u, ‘v))(l, r)=0. For l +¢ =0 and r + w = 0 equation (22) becomes

Qu(Qqu,0)) (L) = g(~1, ). (24)

This is the desired result. (|

4. Application of DQFT
In what follows, we shall present a simple application of the DQFT for studying discrete version
linear time-varying systems. Let us now start by introducing the definition below.

geﬁnition 4.1. Given a two-dimensional discrete linear TV system. Let hy(-,-) and ha(-,-) be
e quaternion impulse response of the filters. We define the output r(-,-) of the system to the
input f(-,-) as

(t,w) = Z Z hi(t,t — ) f(u,v) ho(w,w — v). (25)

Next, we define the quaternion transfer function of the linear time-varying systems filter h as

R(t,w,wy,ws) = Z Z ,,_Z”l“‘“h tow, ', w )P‘Z"J““” (26)

t'=—ocow'=—

The gllowing simple theorem relates the DQFT to the output of a discrete linear TV band-

ass filter.
Y

Theorem 4.1. Given a 2-D discrete linear time-varying system with the impulse response h
determined by

2mit(t—t)  2mjw(w—w’)

hi(t,tYho(t,w')y =e = 1 e~ w , for0<t<T—-1,0<w<W-1. (27)

Suppose that the input to this system is the quaternion signal g(u,v), then its output r(-,-) is
the DQFT of g(u,v).

Proof. Applying (25) results in

oo o0 a
(t,w) = Z Z hi(t,t —u)g(u,v) ho(w,w — v)
U=—00c v=
o) 2mit(t—(t—u)) n(2rjw—(w—v))
= e 1 gluv)e—  wo
t=0 w=0
1wl 2miut 2mjvw
= e 1 gluv)e —w | (28)
t=0 w=0
which achieves the proof by the theorem. O
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Now when impulse response h is described by

1 2mit(t—t') 2mjw(w—w’)

ha(t, ) ha(n,w') = TWe e

: (29)

thus from equation (25) we obtain

ri(t,w) = Z Z hi(t,t —u)Qg(u,v) h(w,w —v)
U=—00 V=—00C

1 TT1@-1 2mit(t—(t—u)) 2miw(w—(w—v))

=W Z Z e T Qqglu,v)e W
t=0 w=0
| Twer -
U 2mjvw

e WZ Z e T Qglu,v)e v . (30)

t=0 w=0

Here gle input to the system is ternion function Q(u,v).
From (27), (29) wepgonclude the choice of the quaternionic impulse response gives output
characteristics of the discrete linear time-varying systems.

5. Conclusion

In this work we have proposed the discrete double-sided quaternionic Fourier transform. We
then have built a discrete version of the duality property of the DQFT. We finally discussed
how to apply the DQFT for studying the 2-D discrete linear time-varying systems.
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