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Abstract: The aim of this paper is to investigate completness of A that equipped with usual norm on
p-summable sequences space where A is subspace in p-summable sequences space and 1 < p < co. We
also introduce a new inner product on A and prove completness of A using a new norm that corresponds
this new inner product. Moreover, we discuss the angle between two vectors and two subspaces in A.
In particular, we discuss the angle between 1-dimensional subspace and (s — 1)-dimensional subspace
where 5 > 2 of A.
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1. Introduction

13

Ean inner product space, we can calculate angles between two subspaces. Let (X, (-, -)) be a
aal inner product space. If U = span(g} is a l-dimensional subspace and V = span {vy,--- ,u}
is a r-dimensional subspace of X, then the angle between subspaces U and V is defined by 6 with
0<6#<7and cos’d = II:III?III::-TIZ' In formw, uy denotes the (orthogonal) projection of 4 on V and

[l = ¢, o)z. Gunawan et al. [3] show that the value of cos# is equal to the ratio between the length
of the projection of # on V and the length of u (0053 6= %) Likewise, if U = span {u, wa, -+, w}
and V = span {v,w, - ,w,} are s-dimensional subspaces of X that intersects on (s — 1)-dimensional

subspace W = span {w», 8, w,} with s > 2 then the angle between U dan V is defined by # with

1,182
0 <6< Zandcos’d = G Wil u;;, vy, are the orthogonal complement of u and v, respectively,

(e I F Il R
on W. Gunawan et al. [3 ]“sh()\?v that the value of cos @ is equal to the ratio bctwcf:nnc volume of the
s-dimensional parallelepiped spanned by the projection of u, w,, - ,w, on V and the volume of the

s-dignensional parallelepiped spanned by u, wy. -+, w,.
Now suppose (X, ||-||) is a normed space. As it is known, not all normed spaces are inner product
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v
oo P
spaces. For instance, the space f”éor 1 < p < oo with norm |x]|, = [ ¥ |x,/”| is notan inner product

n=1

space except for p = 2 (see [6]). Konca et al. [5] df:af: a (weighted) inner product (-, -), on {* where
2 < p < oo, but (£7,¢-,-),) is not Banach space. They also find that the inner product is actually defined
on a larger space namely £, that contains £” and (¢4, (-, -),) is Banach space. More recent works may
be found in [4, 8, 12]

Now supp@ge (A, ||]]) is a normed space where A is subspace of X . Two questions arise: What are
A complete? Can we define a norm on A which satisfies the parallelogram law? The reason why we
are interested in the parallelogram law is because we eventually wish to define an inner progct, so
that we can define angle between two subspaces and many other notions on this space. The concept
of the angle between two vectors and two subspaces in normed space has been studied intensively,
see [1,2,7,9-11].

Let (£7,]]'ll,) be a normed space and A is subspace in £” for I < p < co. In this paper, we discuss
completness of A that equipped with usual norm on £#. We also introduce a new inner product (-, -}, , on

1
A such that (A, ||~||;,,3) is complete where ||x|,, = ((x, x);,,z)l denotes the induced norm in A. Motivated
by this fact, we shall discuss the angle between two subspaces in A.

2. Main results

2.1. The completness of subspaces on {7

Let {xy, ..., x,} be linearly independent set on £” for 1 < p < co. Define A = span {xy,..., x,}. Then
we observe that (A, ||~||;,) is a subspace of ({’f’, |H|P)a [6], we know that £” is Banach space. Here, A
will be proved as Banach space. Before this result, we have the following lemma.

Lemma 2.1. Let C = ¥ a; where a,,....a, € R.

i=1
(a) If sign(a;) = sign(C) for j = 1,.. . n then the equality

|raj| +{(1 -ta;+ Za,— =|C|
3
holds for some t € (0, 1).
(b) If sign(a;) = —sign(C) for j=1,...,n then the equality

|.ra.j| +|(t+ Da; +ia,— =|C|
i=1
i#]
holds for some t € (0, 1).
Proof. (a) Without loss of generality, writing j = 1. Suppose that sign(a;) = sign(C). Choose t € (0, 1)
such that

D:(l—r)a1+Za,-.

=2
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and sign(D) = sign(C). We can write C = ta, + D. Hence, |C| = |ta;| + |D].
(b) Without loss of generality, writing j = 1 and sign(C) = 1. Suppose that sign(a;) = —sign(C).
Choose t € (0, 1) such that

C = —ta;+{(1+0Da +Za,—

i=2

= —ta,+E

and sign(E) = sign(C). We observe that C, —ta,, E are positive real. Hence, we can write |C]|
|ta| + |E|. O

Using Lemnﬁ. 1, We shall now show that (A, ||‘||,,) is Banach space.

Theorem 2.2. Let {xi,...,x,} be linearly independent set on ¥ where 1 < p < oco. If A
span{xy, ..., x,} then (A, ||'||P) is Banach space.

Proof. We consider any Cauchy sequence (y;) in A, writing y; = @y X; + @2 + ... + QpX,,. Since (yi)
is Cauchy sequence, we have for every € > 0 there exist N, such that

n

Z (g — @) X

i=1

o0 T

_ [Z ] <
J=1

for all k,/ > N,. It follows that forevery j = 1,2,... we have

n
% (ay — ay) fu
i=1
n

Case l. Forsomei=1,...,n, sign(z (g — ay) Cu) = sign (@ — @) {;; holds. By Lemma 1, we can

[ye=will, =

yi

Z (i — i) &

i=1

< €].

i=1

find ¢ € (0, 1) such that |.r (o —ay) &

< €].

Case2. Forsomei=1, -+ ,n, Sign(z (g — agp) C,-J) = sign (ay; — ay) &;; holds. By Lemnff} 1, we can
i=1

find ¢ € (0, 1) such that |r(ak,— — i) Z,-J-| < €.

So, we obtain "'CU| |(ari — ay)| < g forallk, ! = N,. Thus, for each fixedi € {1, ..., n}, (ay,) is a Cauchy
sequence of real numbers. Hence, it is convergent, say a;; — a; as k — oco. Now, we can view that
o = (ay,...,a,) and we define y := ajx; + ...+ @,x,. Its obvious that y € A. Because a; converge to
« then y; converge y. Hence, (A, |H|P) is Banach Space. ]

Next, we discuss a new inner product in £# and prove that A with the new inner product is Hilbert

space. Write b = i |x;]. We define a following mapping

i=1
(a2 = D B i @1
k=1
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for every v,z € £7. Using Holder’s inequality, we have

p—2 7 4
WSRO IRIR
k=1 k=1 k=1 k=1

Hence, the mapping (-, ), is defined on £”. Next, we have the following proposition.

Proposition 2.3. The mapping (-, ), in (2.1) defines an inner product on {*.

Proof. For every y,z, w € {¥, we will verity that (-, -}, , satisfies the four properties of an inner product.

1) Since ¥ bf_z_}-‘,f >0, we have (y, ¥),, > 0.
=t

Next, we show that (y, y),» = 0 if only if y = 0. Suppose that y = 0, then
(0,005 = Y b/ 70 =0.
k=1

Conversely, it (v, ¥),» = 0, then Ebfz_}-‘i = (0. Since bf_z # 0, we obtain y = 0.
k=1

2) Observe that

(2] (2]
-2 -2
By = be “Vilk = be 2k = 0 Dpa -

k=1 k=1

3) Observe that
(ay, 2y = be_zﬂ’.l’kik =a (0.
k=1
4) Observe that

oo
-2
z+why, = be i (z + wy)
=1

-2 )
be Yelk + Z b‘f ViWg
k=1 k=1

<_"‘1 Z)b,? + <.""1 H’")b,? .

Therefore (-, ), , defines an inner product on £7.

Corollary 2.4. The following function

Il = lei”ij (2.2)
k=1

defines a norm that corresponds to the inner product (-, ), , on {*.

AIMS Mathematics Volume 7, Issue 2, 2810-2819.
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Using a norm that corresponds to the inner product (-, -}, >, we have the following result.
24

Theorem 2.5. The space (A, ||'|\;,,3) is complete. Accordingly, (A, {, ‘);,,3) is a Hilbert space.

Proof. We consider any Cauchy sequence (y;) in A, writing yp = auXx; + ... + X, and a; =
(@1, ..., ). Since y; is Cauchy, for every € > 0 there is an N, such that forall k,/ > N,,

n
|b-‘k o }‘;”_:,,2 = Z (o —ay) X
i=1 b2
1
oo n 5 2 2
= Zzbf d((a’ki_a'ﬁ)':ij) <€

j=1 i=1

It follows that for every j = 1,2,... we have

n
2

b D (G gau), <.

i=1
o

So, we obtain |§,rj|bJ - |y — ay] < e for all k,I > N.. Thus, for each fixed i € {1,...,n}, (@) is a
Cauchy sequence of real numbers. Hence, it is convergent, say a;; — @; as k — co. Now, we can view
that o = (@, ..., a,) and we define y := a1x; +... + a,x,. Its obvious that y € A. Because a; converge
to « then y; converge y. Hence, (A, ||'|\;,,3) is complete. o

2.2. Angle betweeen m-nﬁfbspa,c‘es on A
We know that (A, ¢, '>b,2) is a Hilbert space \ah A = span {x,---,x,} and, as before, {x, -+, x,}

IR

is a linearly independent set on £7. Using the Gram-Schmidt process, we have an orthonormal set
{yi," -+ ,y.}. As aconsequence, span{x,,--- ,x,} = span {y, -+ ,y,}. For every u,v € A, we can write
n

n
u =8 cyiand v = 3 diy; where ¢;,d; € R for every i = 1,...,n. Moreover,

i=1 i=1
n n
(Z Ci¥is Z ds_‘r‘i)
i=1 i=1 b2
n n
Z Z cid; (-}‘"’ y-”)b 2

i=l j=1

(ua V).’J,Q

Because (}-‘.—,}‘j)b S =0fori# jand (y,yi),, = llyil; , then

n
v
(U, vy = Zi‘fdfu‘f‘f”;:,z
i1
n

Z cid; = {c,d),

i=1

[

with ¢ = (Cl-: T, CJ'!) and d = (dl-s e -:dri)- Ifu= v, then ||M||b,2 = (Z Cr'z) .
i=1

AIMS Mathematics Volume 7, Issue 2, 2810-28109.
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According to the above form, we conclude that an inner product on A can be viewed as the inner
product of the Euclidean space R". Hence, an explisit formula of the angle between u and v of A,
denoted #, is given by

n

2 cid;

i=1

(J‘! C?id?)
i=l =1

Note that the angle between two vectors of A is also the angle between two lines of A. Moreover, the
angle between two vectors of A coincides with the angle between two vectors of R”.

cosfl =

ral—

Example 2.6. Let A = span {x,,---, x5} with {xln -, x5} be the orthonormal seton £7. If u = x; +
2x2 + 3x4 + 4xs and v = x2 + 3x3 + 5x4 + 25 then the angle between u and v of A is

| _ 25 25
(30.39)F 342

Next, we can discuss angle between I-dimensional subspace and (n — I)-dimensional subspace
where n > 2 of A. The result is shown as follows.

Proposition 2.7. If U = span{x} where k = 1,...,n and V = spanix,y, ..., x,x} where
{ia(k), ..., i,(k)} = {1,2,...,n} — {k} of A, then the angle between subspaces U and V is 6 (0 < 6 < 7)

with
|

2

(x’“ -"‘f')b 2"

Proof. Without loss of generality, write k¢ = 1. Using the Gram-Schmidt process, we have an
orthonormal set {y2,- -+ ,y,}. As a consequence, span {x2,--- , Xx,} = span {y2, -+, y,}. The projection
of x; on V is given by

cos’f = 5
el jenn -

Then, we have

n
(‘rl : }-‘j)m}) ’ Z &}‘ f)b,z Yi )
= =

J b2
n n
= Z (xl 2 Yi );;,3 (X1, yidna (—vi’ y*)b,z
==
n
2
= (Xl ’ y)‘)b.?
j=2
Hence, we obtain
v
V= n
29— <1, _ 1 Z(x v )3
- 2 2 LXifyae
[leils, sz e

i=2
[m]

AIMS Mathematics Volume 7, Issue 2, 2810-28109.
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Example 2.8. Let A = span {x|, x5, x3} with {x, xp, x3} be the orthonormal set in {'. Take x; =
(1,0,0,0,...), x» = (0,1,0,0,...) and x3 = (0,0, 1,0, ...), so that we have b = (1,1, 1,0,...). Clearly
||)c1||;2,:3 =1, (xl,ﬁ)iz =0 and (xl,x;g)iz = 0. If U = span{x;} and V = span{x», x;} of A then angle
between U and V is @ with

1 3 3
2 l(xl'sx?,)iz + <x11X3>5’3I
|X1||;;,3

=0.

)
cos f =

Hence 0 =

[T

Before we can discuss an exggicit formula for the cosine of the angle between two subspaces of
A = span {xi,- -, x,}, we recall definition of angle two subspace in inner product space as follows.

Definition 2.9. [3] Let (X,(-,-)) be a real innmproduct space. If U = span {uy,...,u,} is a t-
ﬂmcnsional subspace and V = span {v,...,v,} is a s-dimensional subspace of X with ¢ < s, then
the angle between subspaces U and V is defined by 6 (0 < # < 7) and

llars -

V
[

)
cos 6 =

where u:’ denote the pﬁ?'ection of u;on Vtoreachi=1,...,t.
Using Definition 2.9, we have the following theorem.

Theorem 2.10. If U = span{xi,...,x,,} is a n-dimefgonal subspace and V- = span{x, 41,..., x,} is
a (n—ny)-dimensional subspace of A withny < &, then the angle between subspaces U and V is defined
by 8 and i

det ([€xi y0p 2 1(xi 313,017

det (I (st If);,,z ])

where [(x;, y1),,) is a (ny X (n— ny)) matrix and [(x;, ), 51" is its transpose for i, j = 1,...,n,.

,
cos f =

Proof. Suppose that {x,,i....,x,} is linearly independent. Using the Gram-Schmidt process, we
obtain the orthonormal set {y,,+1,...,¥,}. Here span {x,1.....x,) = span {y, +i,...,y,}. For each
i=1,...ny,the projection of x; on V is given by

n
v
X = Z (X Yidpa V-

I=n +1

So, fori, j=1,...,n,, we have

—_—
=
=
=
=
——
=
[
Il

n
V —_ . . rl 3
(x,—, Xj )b,z - (X” Z (xf’-”)b,z'”)

{=n+1 b2

n

Z (xr'a}’r)_:,,g (X_,is 'W>b,2 -

I=n+1

AIMS Mathematics Volume 7, Issue 2, 2810-28109.
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Next, using formula angle in [3], we obtain

n

| = det| > (i) (xj-,_w)b,z} = det ([Cxi, yp 2l Y0521 )
=1

v

V
[

where [(x;, yr}),»] is a () X (n —n;)) matrix and |(th,)b,2]?" is its transpose. Therefore, cosine of the
angle between U and V is
det ([ xi, y1)y ][, v, 217 )

det (I(x,—, xf)b,z])

)
cos™ f =

where I(x,-, x),)H] is a (n; X n;) matrix.

Narg. we discuss angle between two subspaces that intersects on a subspace of A. Write A
span { S o0 e S e - 00 0 i e P ilo o o o ,x,,w,,} with n = ny + na + n3. Suppose now that U =
Span (X1 . ... Xuys Xnyt - o2 Xy ang} and V = span {X1, ..., Xy Xagings 15 - - -+ Xayamarns | - We observe that U
and V are subspace on A C {”. Moreover, using Definition 2.9, we have angle between U and V as
follows.

3
Theorem Zal. If U = span {?1 e Xy Xyl 0 s Xnyan, | 1S @ (M1 + na)-dimensional subspace and
Vo= span{xi, , Xogs Xnprme1s " s Xnpamp by} 05 @ (11 + ng)-dimeminmhubspace of A with ny < nj
that intersects on ni-dimensional subspace W = span{xy, - ,x, ) then the angle between subspaces
U and V is defined by 6 with

det [((Jrf ) (ff)ﬂ;,;]
det l((xa)l , Uﬂﬁ)b,;] ,

where (x!)y, (xf)l, (x))iy and (x;)y, are the orthogonal complement of u!, uj"’ u; and u;, respectively,
onWfori,j=m+1,...,n + na.

N
cos =

Proof. The projection of x; on V is x. Next, we may write x' = (x)w + (x!)5;, where (x))y is the
projection of x!" on W and (x))j; is the orthogonal complement of x! on W. In line with this, we may
write x; = (x;)w + (x;)y;, where (x;)w is the projection of x; on W and (x;)y; is the orthogonal complement
of x; on W fori = ny+1,...,n;+ ny. Using the standard (n; + n2)-norm and properties of determinans,
we obtain

v v R
R ey X
~ “ L] LR TR +1 1 N 4ns |
cos* 4 L o] X -
“Xl., .. 1xnl-sxn[+11 R xmﬂiz |

v N v voo|l?
oo G dw + G G + @

2
“Xl., .. 1xnl-s (xnl+1)w + (xn|+l)ﬁ.-'-: R (xnlﬂiz)w + (xﬂl'i-llz)ﬁ,-'”
2 v L v )?
_ Jb'!""!xﬂll |(XHL+1) ""'!(x:al+:az W”

2 2
“xl-s s Xy | ||(xﬂl+1)ﬁ,ﬂ1 R (xnl+nz)ﬁ,-'||

iy

AIMS Mathematics Volume 7, Issue 2, 2810-28109.
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|3
|2

V 41 V 1
“(Xm+l)l‘lr"’ T (xnlﬂal W

“(Xmﬂ)ﬁ-” e (x"lﬂll ﬁf
det l((f,? we (] E)M]
det [((X;)ﬁn Ufj)ﬁf)b.;] |

with |<(xi.v e (x;" ﬁ’)b,zl and I((x,-)ﬁ,, (x; ﬁ,)M] are (12 X n2) matrix. 0

3. Conclusions

Based result has been given on the Sections 2, we have known that A that equipped with usual norm
on ¢ is complete. We have introduced (-, -),, on A and have shown that (A, ||‘||;,_3) is complete. Next,
we have got angle between two vectors and between 1-dimensional subspace and (s — 1)-dimensional
subspace where s > 2 of A. Moreover, we have got angle between two subspaces that intersects on a
subspace of A.
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