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1 Introduction

In various fields, studies on nonlinear dynamics of systems include the behavior and sta-
bility of the systems, both local and global stability, for example, see . , and .
The dynamics of population is one of interesting objects of research in the field of math-
ematical ecology. Interaction between some populations such as predation, competition,
and mutualism has ecological consequences. Population as a useful stock also has social
and economics consequences. The study of dynamical behavior of population becomes
complex and comprehensive because population as a stock should be managed well to
protect the population from extinction, besides, the population also gives more benefits
for a certain span of time.

Modeling in predator and prey populations involves many factors such as harvesting,
tax, migration, diffusion, and stage structure, which have been widely studied by many
researchers. Some of them considered the dynamics of one predator with two preys or
two predators with one prey in the population behavior. The authors in [4| studied the
dynamics of population with a reserve area and imposed tax to control the overexploita-
tion of the populations. In the authors also studied the dynamics of populations in
the reserve area with harvesting and considered the problem on maximizing the present
value. The behavior of the stage structure of predator and prey model in the two areas
of environment with harvesting in the free area of capture was discussed in and a
certain condition was obtained to get an optimal value of harvesting.

The effect of selective harvesting in predator and prey populations has been observed
in some purposes. Some researchers have examined only the prey being harvested, see
for instance . . and @ The studies of predator and prey models when only the
predator is harvested, can be seen in . . , and . Some other researchers
have studied predator prey models by considering both populations being harvested, the
examples can be seen in and . Predator and prey models with exploitation were
often associated with the economic point of view including maximum profit and present
value problems, some examples can be found in , . and A

In Malili Lake Complex, South Sulawesi, Indonesia, butani fish (Glossogobius
matanansis) which lives at the bottom of the lakes and its predator nile tilapia fish (Ore-
ochromis nilotichus) are sources of food for the surrounding community. The dynamics
of butani fish as an endemic and its predator must be managed properly to prevent the
fish from the extinction. Based on the findings of the researchers above and as a strategy
to manage the endemic butani fish and its predator, we consider the dynamical behaviors
of both predator and prey populations, where the prey lives in two areas, one of which is
a free area of capture and another area is a forbidden area of capture. The economically
valuable predator and prey in the free area are exploited with fixed efforts. We study
the presence of an interior fixed point and its local and global stability.

2 The Dynamical Behavior of Predator and Prey Populations

1

%e consider predator and prey populations in an environment involving two areas,
namely, forbidden and free areas of capture, when no fishing is allowed in the forbid-
den area. Both areas are considered to have the same conditions. The prey population
can move in these areas freely. The prey populations grow in both areas when no preda-
tors are assumed to follow the logistic equation. The predator population is assumed
to only eat the prey in the free area of capture. The behavior of predator and prey
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populations are stated in the form of the equations system as follows:

1 T arz 1
dt r.r( _R)_T11+T2y_a+.1:' (1)
d 2

d_i/ = sy (1— %)+Tll‘—7’2ys (2)
dz Bazz

— = — kz. 3
dt a+zT )

From ecological point of view, we simply consider the model - in % :E
(z,9,2) € R® | 2,9,z > 0 or in Ri. The variables z and y as the functions of time ¢
denote the population sizes of prey in the free area of capture and in the forbidden area,
respectively. The variable z as a function of ¢ denoff the population size of the predator
in the free area of capture. The growth rate of populations x y is denoted by r
and s, respectively. Carrying capacity of the environment for populations = and y is
denoted by K and L, respectively. The predation rate is denoted by «, and the value of
3 (0 < 3 < 1) is the predation scale. Parameter 7, denotes the movement rate for the
prc-?om the free area to the forbidden area. Parameter 7o denotes the movement rate
for the prey from the forbidden area to the free area. Parameter k is the mortality rate
for the predator in the free area of capture.

The populations are assumed as begpficial stocks, gen the predator and the prey
populations in the free area of capture are harvested with fixed efforts. The dynamical
behavior of predator and prey populations is developed and stated as follows:

m B i (1 - %) — 1T + Ty — aa—i—% —q Bz, (4)
% = sy (1 - %) + T — Ty, (5)
dz Bazz

— = —— —kz—qyFEsz. 6
di etz qa2Lo2 (6)

In the model -, parameters g1 and go denote the catchability levels for the prey
and predator populations, respectively. The symbols E; and E denote the fixed efforts
of harvesting satisfying 0 < E; < Ejq, for i = 1,2 and some given value of Ejaz.

3 Local gd Global Stability of Interior Fixed Point

The interior fixed point for model II may exist as long as a certain condition
is satisfied. The fixed point of model l» is found by equating the equations
of the system to zero and solving them. The interior fixed point for the model is
EQ = (xy1,y1, 1), where
- ‘:,;]:.Z(i::‘gg. Y = L(s—72)++/L (21 T2)2+4s7 Ly ) and
(rl\'m,—7'1:?—1'11\'1‘1+1'21\'y1—q]I\'Elrl)(a-i'l‘l)
Kaox, :

T

2 =

From model ~, we get the Jacobian matrix evaluated at the fixed point EQ =
(z1,9y1,71) as
(11 T2 —dz
J E= T1 (1 3 0 N
(14 0 (15
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Ty e 2rzy . aaz . " , — Q1 — —_ 2;"— D = —rnﬂuz
where d; =1 = T Gie G Ey, dy = e dzy=s— Ty, dy = Gtz

_ afiz, e n
and d; = e .l‘ : G Es. . . . .
The characteristic polynomial corresponds to the Jacobian matrix .Jg and is expressed

as f(A\) = det(N — Jg), ie.,
FON) = X3+ b2A? + b + bo, (7)

where by = —(d1 +ds3 +d5), by = —nim +dids + dids + dody + (13{15, and by = T17T2d5 —
dydsds — dydzdy. From equation and according to the Routh-Hurwitz criteria of
stability . the interior fixed point EQ = (z1,y;,21) is locally and asymptotically
’Eble provided the conditions by > 0,by > 0, and byby — by > 0 are satisfied. Global
stability of the interior fixed point E() "1,Y1.21) is analyzed using the Lyapunov
function. We suppose that the conditions for the presence of the interior fixed point are
satisfied. Consider a Lyapunov function

Viz,y,2) =3 (1‘, -z — Illn.£> + (y -y — ylln.l> + (z -z — zlln.i) . (8)
Iy n Z1

%s clear that V' (z,y, 2) is definedffid also continuous for all z, y, and z > 0. Differ-
entiate the Lyapunov function @ with respect to  to get

v 3 der xdx N dy ydy " dz 2z dz
dt — "\dt Tz dt dt  y dt dt  z dt
) rT y az
= '3 -— t— — = 2— —
la—m) (7 K e T a+ .l‘)
sy T afir
+ - s——4+n——T|+@Ez-—2)|— k). 9
w-w) (5= F4nt-n)+G-a) (2= k) (9
Since EQ = (z1,11, 1) is an interior fixed point, it follows that rz; — % —T1Z1 +Toy1 —
%11# =0, sy, — S—Zi + 72 — Ty = 0, and "ﬁf;f‘ — kz; = 0. Then the equation Iab can
be rewritten as
dV . Y az I Y1 azy
— = fplz—=z ‘—?—‘r—i—r"—— —r=—-T1+71— -
dt B 1)([1 ! T a+z] [1 K ! 5 a+m

+ (- S—E‘Fﬁi—?’z - s—m'*‘ﬁr—l—"'z
L Y L

afx ) affry )
+ -a) ([a+.r _k] - [a+.1‘1 _A:|)

rf3 . s .
= g a-—n)’ -7 -0’ +P+Q, (10)
where P = ,-'31-2(1:—:;” -T (VJTZ”) (r1y—zy) and Q = ("*‘3(1‘31 - S-l'l)wr(i:)—(—jim)‘

If P<0and @ <0, then t equation becomes non-positive.

Obviously, the solutions z(t), y(t), and z(t) of model ~ with the initial conditions
z(0), y(0), and 2(0) are positive for every time ¢ > 0. From equations -. we have
dx a (

+—2 =rz(1 I)+ (1 y) ars
at ar " KT L) a+z

re (1—%)+sy (1—%). (11)

d
E(I‘Hl)

IA
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Given any number € > 0 and following the lemma in , we get %) +y(t K+L+te
for time £ being sufficiently large. This means that the size number of z(f) + y(f) is
bounded for every time £ > 0. Further, there exist some points (z.,y.) € Ri which
satisfy A(z,,y.) = 0, where A(z,y) = rz(1—- %)+ sy(1—%£). The inequality
implies the grh of x(t) + y(t) becomes non-positive. From model -. we also
know that the populations z(¢) and y(t) grow following the logistic equation when there
is no interactidfand influence from other population. This has the consequence that the
populations I((g and y(t) are bounded and there exist real positive numbers M; and M»
such that 0 < z(t) < My, and 0 < y(f) < M,.
From the three equations of model -, we have

%(.r+y+z) = %+%+%=rr(l—%)+&l(1—%)—%_’”
< 1‘1(1—%)+sy(1—%>. (12)

From the previous analfkis, there exist real positive numbers Mj; such that
0 < ?) < Mj. Since z(t), y(t), and z(f) > 0 are bounded, and due to inequality
(12), there exist My, M, and Mz > 0 such that OpFy =(t) < M, 0 < y(f) < M,,
and 0 < z(t) < Msj. The result of this analysis is summarized in Theorem 3.1.

Theorem 3.1 Suppose that EQ = (x1,y1,21) is the offly interior fived point for
model -@. If the conditions P <0 and Q < 0, with 0 < z(t) < My, 0 < y(t) < M,
and 0 < z(t) < My are fulfilled, then the interior fized point EQ) = (x1,y1,21) is globally
and asymptotically stable via the Lyapunov function @

4 Maximum Profit Problems

The interior fixed point E(Q) of the model - is connected with an economic problem.
The predator and prey populations in the free area of capture are assumed as profitable
stocks. The populations are then harvested with fixed efforts. The economic activities
require op@f§ing costs and provide beneficial results. For this purpose, a function of
total cost is defined as TC = cE, where ¢ states the cost of exploitation is
the fixed effort of harvesting. A function of total revenue is defined as TR = pY (E),
where p denotes the price of profitable stock (N). The result of exploitation is stated
as Y(E,N) = gEN, where ¢ is the catchability level. Further we also define the profit
function as @ = TR — T'C. Since the interior fixed point £Q = (z1,y;,2) leans on
the fixed efforts, the profit function also leans on the fixed efforts. Therefore the profit
function is stated as 7(E) = TR(E) — TC(E).

In order to get the fixed point £Q = (z1,,21) lying in the first octant, the
condition a F —k — g E >0, ie. E < # must be satisfied. Under the assumption
that the value of effort is non-negative, the values of parameter must satisfy the
conditions af — k > 0 and 0 < E) < "i—;k Besides, we also have to assume that
rkxzy — rz? — mkay +ky1 — @ KEz; > 0. By taking Ey,,,, = 1 and Ey,,,, = 1,
the fixed point F'() becomes an interior fixed point when (E,, E;) € D, where
D ={(Byi,E) : 0 < Ex < A, 0< By < B}, A= min{l,%-% (0, Es) = 0}, and
B = min{l,E12 = f(E2)}. The function E12 = f(FE2) is found from the implicit
function f(Ey, Ey) = rkxy —ra? — mikzy + 7okyy — n K Ex; = 0. Moreover, we assume
that £) < FEi2. The profit function associated with the fixed point £Q = (z1,y1,21) is
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given by m(E1, E») = (prqrz1) By + (p2gez1) Ex — (e1Ey + o Ey).

ExamplegAI Suppose that the hypothetical values of the paramaters of the model
are given as r = 1.5, s = 1.5, a = 100, K = 1000, L = 1000, 7, = 0.25, 7, = 0.25,
a=053=05 k=01 q =1,q =1, p1 =10, p» =12, e = 5, and ¢ = 6 with
appropriate units. We get the fixed point £Q = (z1,y,,2), where z; = I%Ufff—g:l

2502, —1.522 4250y, — E)x
yi = 416.6667 + 0.3334y/T562500 + 150077, 1 = 0.00200 L2201t 2000 10005, 2)
The fixed point becomes an interior fixed point when the conditions 0 < E < 0.15
and 1250x; — 1.5.1.'% + 250y — 1000Eyzy > 0 are satisfied. The positive solutions
of f(Ey) = 0 are Ey, = 0.1273, Ey = 0.1500, and E; = 0.8607. Therefore, we get
D ={(E,E,;):0< E, <0.1273, 0 < By < min{l, f(E,)}}, where

2.5.10718

f(By) = 32517105 [—2.24.10"E, — 2.867.10" E5 + 3.255.10"°
+ 1.500.10“'\/1.562.10“ 4 1500 _0110,0(?2; 0.100)
- 2.000.10”‘/1.562.106 _ 1500 :)110)0(?]:: 0.100)) B
+ 6.667.10“‘/1.562.10” _ 1500 _0110,0(?; 0'100)) E3|. (13)

The profit function is now written as

- 1000(E2 +0.1)\ .

(B Ey) = (05")%]:2)) E,
0.00024E, (1.2500.10°(Ey +0.1)  15000(E + 0.1)?
0.1+ E, —0.15+ Ey (=0.15 + E»)?

1.5.105(E, +0.1)
—0.15+ E,

100000, (E; + 0.1 100(E, + 0.1
100000E4 (B2 + 0D g 15+ g,) (100 + 220E2 £0DY 6
(0.15 — E») 0.15 — E»

1.0417.10° — 83.3333‘/1.5625.10“ -

By observing the critical values of the profit function in the feasible region D and equation
(13)), a pair of fixed efforts (E},E5) = (1, 0.10718) is found, which maximizes the
profit function of 7 (EY, E3) = 4833.0425. The pair of the fixed efforts lies in the curve
f(Eq, Ey) = 0 which is the boundary of the feasible region D. The critical value of fixed
efforts (E7,E3) = (1, 0.10718) gives the fixed point EQ = (483.8687, 920.9046, 0).
This condition leads the predator population towards extinction when the fixed point is
asymptotically stable.

We consider that there exists a minimum number of predators in the free area of
capture, for example, we may assume that the allowed minimum number of the prey
population is 21 =2z,in =200. Then we get a new constrain function g(E1, Ex) = 0,
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where
95 S(E. 5 (E. 1)2
B By) = L (000002 (12310 ( 2 +0.0) | 15000 (b2+‘0'1)
01+b2 —01{)+b2 (—015+L2)2
- o 15.105(Ey +0.1)
— 1.0416.10° — 83.3333/1.5625.106 — —2— =27 =)
’ \/ e 015+ B,
100000E1 (Ey +0.1) , . i 100(Ez + 0.1)
- ——— o —0.11 - —200.
2015+ By (E2 = 0.15) { 100 - —5==— 2

K

The problem now becomes to maximize the profit function ( 75) subject to
g(Ey, Ey) = 0. Solving the equations Vr(Ey, Ey) = pVg(E, Ey) = 0 and g(Ey, Ey) =0
simultaneously, where p is the Lagrange multiplication, we get E} = 0.95507 and
E3 = 0.10249. By applying the value of the pairs of efforts (£}, E) = (0.95507, 249),
we obtain an interior fixed point £'Q) = (426.2563, 911.2916, 200). From the Jacobian
matrix evaluated at the interior fixed point, we get the eigenvalues —0.9041, — 1.5922,
and —0.0075. The maximum profit now becomes 7 (EY, E5) = 4,311.6345. In this case,
if we apply the value of efforts at the level of E7 = 0.95507 and E3 = 0.10249, then both
populations will live together for a certain span of %ﬂe even though the populations
in the free area of capture are harvested with fixed efforts of harvesting. Besides, the
harvested populations also maximize the profit function.

5 Optimal Present Value of Net Revenue

The biological steady state is reached for the equations ‘fl—; =0, %'ti = 0, and ‘fl—; = 0.
The economic steady state is found whenever the total revenue and total cost are at the
same level. The profit function for the harvested populations is stated as w(E1, Ey) =
piqrEy +poqezEy — e By — ep Ey. Our goal is maximizing J as the present value of the
net revenue for the problem of infinite horizon which is stated as

J= [ e (pranz — ) Er(t) + (pagaz — e2) Ealt) e, (14)

The discount rate of the net revenue is dendffd by 4. The present value .J subject to
the equation — will be maximized using Pontryagin’s maximum principle . The
control variables F(t) and E,(t) are subject to the condition 0 < E;(t) < E,,., for
1 = 1,2. From equation . the Hamiltonian function is stated as

. T
H = e Y(prqr—c1)B(t) + (pagoz — o) Ea(t)} + 1 {rz (1 - —\) T
+ Ty — skl —q Bz + Ao {sy (1— 2) + 7T — Toy}
a+1x L

Baxz
a+zx

+

/\3{ — kl — (IQEQZ}, (1."})

where the adjoint variables are given by A1(t), A2(t), and A3(f), respectively.
As the necessary conditions, we set 5) g =mnd g 1:612 = 0 to get the control variables

Ey and E» to be optimal. From equation (\ we have g g] = e %(

piqrz—er)— gz =0

e St(piqrz—cy)
Qi

and % = e_‘”(pngz —e2) — A3q2z = 0. Then we get A\ = and A3 =
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o3t (pogoz—co :
e (p2g22m ) o equation , we also have

0H st 2r ar z
— = e "pqE+ A - —=T—T — — —qFE
ox PrinEr A (r K Yatz (a+a)? n l)
A Baz N Baz
AL A | o a2/
oH 2s
% = M7+ X (sz—fll—"'z)~
0H st Aoz Bazx
= e "poquEy — + A —k—qE, ).
0z Pz a+x \a+z 1252
“ollowing Pontryagin’s maximum principle X; = —%, X = — % g = — % and

_M(I)l'lll'*(fl)

considering the transversality condition \2(t) = 0 as t — oo, we get A\ = - e

—at
&

e (—prgrzter) : " (pagaz—ca) H H e z—cy)
Ng = St Tal and \g = &Pz @) - Afrer substituting A = Al
q,r(—6+s—-T"_r/—rz : q2z qx ?

—d¢ — 8t . P
. — e m(-pqizter) . — & " (pagaz—ca) : . — _0H
A = —l—q—qw(_‘sﬁ_z_:y_fz and \3 = e into the equations A\, = —%=,
Ay = —%, and A3 = —%, we get E) angps’;. The optimal paths of Ey and E, still

depend on populations z, y, and z, iAen 1 = Ey(z,y,2) and Ey = Ey(z,y,z). By
substituting = 1, y = y;, and z = z; into the implicit equations E, = F(z,y, z) and
E, = Ey(z,y, z), we get the suitable values of control variables £, and E,. The values
of By, Ey, z1, y1, and 2; give a maximum value of the present value .J.

Exampl@.l Suppose that the hypothetical values of the paramaters of the model
are given as r = 1.5, s = 1.5, a = 100, K = 1000, L = 1000, 7, = 0.25, 7, = 0.25,
a=05 =05 k=018 =1, g0 = 1 in appropriate units. Take p; = 10, p, = 12,
¢ =5,y =6, and ¢ :%05 in appropriate units. Further we have the fixed point
EQ = (z1,41,21), where

100(E>+0.1 5 =
oy = 20D ) — 416.66667 + 0.33333,/T, 562, 500 + 1, 500z, and
—0.00200(1,250x1 —1.52F +250y1 — 1000E1 21 ) (100+x1)
“1 = x :
- . 5 _ —e 2005t (10g, —5) _0.25e” 005 (5 _10a2,)
The adjoint variables are A\ = = LA = To5—00035) 5 nd

Ay = =5 "

By solvingl the equations and then choosing the suitable values of fixed efforts of
harvesting, we get Ey = 1.13676 and E, = 0.10278. Further we get the fixed point
EQ = (429.40138, 911.82119, 0.01043) with the eigenvalues —1.03558 — 1.62450,
and —3.32935 x 10°7. Under these conditions, the fixed point EQ is locally and
asymptotically stable. The adjoint variables are denoted Ef A\; = 9.988356¢0-005¢,
A2 = 1.675377¢ "0 and M\ = —563.471151e %% Then we get the maximum value
of the present value of th@Ret revenue .J = f(;“x 4,874.957199¢ 0005t gt = 9.749914 x 10°.

We now continue the problem of maximizing the present value .J of the net revenue
for the problem of finite horizon which is stated as

(6—1221)

T
J= / e (prarz — 1) Ex(£) + (pagaz — ca) Ea(t) }et. (16)
0

The control variables Ei(t) and Ej(t) are subject to the condition 0 < E;(¢) < 1 for
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i = 1,2. From equation (16, the Hamiltonian function is stated as

- . . T
H = e Y (prqrr —c1)E(t) + (pagaz — o) Ea(t)} + 1 {rz (1 - E) - Tz
+ Ty — ::_—ZI —qE1z} + No{sy (1 - %) + 11z — T2y}
Baxz
+ M{—— —kz—quE»z}, 17
.s{a Tz qoEsz} (17)
where Ai(t), A2(t), and A3(t) denote m adjoint variables. Again, following Pon-
tryagin’s maximum principle, we set A\; = —% Ay = —(a—u. A3 = —% with
M(T) = X(T) = M3(T) = 0. Since the equation is linear in E; and E,

with the slope gg] =e " (pruz — 1) — Mquz and % =e (paqez — c2) — A3q2z, we

define the following to maximize H:

El(t) = 0, e M(prgrz — 1) — Aqrz < 0,
1 l.e”\l(plqll‘—cl)—/\lqlrz0

and
Ej(t) = 0,6 M (pagaz — €2) — Aagaz < 0,
2 1e M(pagez — c2) — Aagez > 0.

Because the Hamiltonian function H is linear in E; and FE,, the usual first order

condition % = ;1{:{: = 0 is inapplicable in our search for EY(¢) and E%(t), but here we
define E}(t) = E5(t) = 1 when % = % = 0. The solution for the problem of finite

horizon will be giwansing the forward-backward sweep numerical method to plot the
optimal solution of z* (), y*(t), z* (), £} (t), and Ej(t).

Example 5.2. Suppose that the hypothetical values of the paramaters of the model
are given as r = 1.8, a = 200, 7, = 0.25, 7, = 0.25, § = 0.15, K = 1000, « = 0.5,
s = 1.8, L = 1000, k£ = 0.01, ¢; = 0.01, ¢ = 0.01 in appropriate units. Take p; = 10,

=12, ¢1 =5, 2 = 6,6 = 0.005, and T = 200. Set the initial and terminal conditions
z(0) = 950, y(0) = 950, 2(0) = 600, and A\ (T) = X(T) = X3(T) = 0. The curves
of state, costate, and adjoint variables are plotted using a Matlab program as given in

Figures 1-4.
Figures 1(a), 1(b) and 2(a) show that when harvesting is not considered in g
namical behavior of populations, the predator and prey will tend to the stable fixed
point. From the previous analysis, we know that a certain condition is found, where the
interior fixed point becomes globally and asymptotically stable. Harvesting efforts as
control variables influence the dynamical behavior of the populations but the behavior is
still similar to the behavior of the population model without harvesting. The dynamical
behavior for preys with a control seems to increase with a little oscillation, while the
dynamical behavior for predator remains decreasing smoothly.

Harvesting efforts as a control in the model make the predator population decline
rapidly compared to the non-harvested one, but the predator population remains sus-
tainable because when the population is very small, then the population will stop being
harvested. The reduced predator population due to harvesting makes the effect of pre-
dation on the prey in the free area become ineffective. This gives an opportunity for the
prey population to grow more rapidly. As a consequence, the prey population in the free
and forbidden areas for harvesting grow faster than when there are no harvesting efforts
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Figure 3: a) plot curve of Ey(t), b) plot curve of Ay ().
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Figure 4: a) plot curve of Ay(t), b) plot curve of A3(¢).

in the model. In this example, the populations are harvested at the maximuff§ level over
the time interval ¢t € [0 0], see Figures 2(b) and 3(a). The optimal paths z*(¢), y*(t),
2*(t), E{(t), and E3(t) maximize the present value .J for the problem of finite horizon.

6 Conclusion

The dynamical behavior of preys in the free and forbidden are@gpt harvesting and preda-
tor population with the Holling 1'esponsﬁnction of type II has an interior fixed point
when a specific condition is fulfilled. The interior fixed poi?)oth for the model with and
without harvesting effort was analyzed and it vmfonnd that the interior fixed point is
loca.ma.nd globally asymptotically stable. The local stability of the interior fixed point
was analyzed via the linearization approach and Routh-Hurwitz stability cri?a. The
Lyapunov function was constructed under a specific condition to guarantee the global
stability of the interior fixed point in the first octant.

In the case of exploitation with the fixed efforts for the predator and the prey popu-
lations, there exists an interior fixed }ﬂqt. Under a specific condition, this fixed point
becomes globally and asymptotically stable and also gives maximum profit, but the
predator population is driven to extinction. By considering that there exists a minimum
size of the predator population which is banned to be exploited, we found a pair value
of the efforts and the suitable values of parameter to get a globally and asymptotically
stable interior fixed point. The stable fixed point also maximizes the profit function for
a certain span of time. Both predator and prey populations in the free and forbidden
area of cap@re can be sustainable and also maximize the profit function forever even
though the predator and the prey populations in the free area of capture are harvested
with fixed efforts of harggsting.

For the problem of maximizing the present value of revenues, there exist extremal
paths for harvesting efforts that maximize the present value of net revenues for finite
and infinite horizon problems. The harvesting efforts as control variables via simulation
show that the harvesting efforts can reduce the predator population and also, at the same
time, can reduce the effect of predation on the prey population. The harvesting effect
allows the preys to grow rapidly comparing to their growth without harvesting.




116

SYAMSUDDIN TOAHA, FIRMAN AND AGUSTINUS RIBAL

Acknowledgment

This research is supported by LPPM Hasanuddin University with the contract number:
915/UN4.22/PT.01.03/2021.

References

[

(2]

3

0

5]

[6]

8

o

[10]

(1]

(12]

(13]

[14]

[15)

[16]

L. J. Diblik and D. Khusainov. Stability of an Autonomous System with Quadratic Right-
Hand Side in the Critical Case. Nonlinear Dynamics and Systems Theory 2 (2) (2002)
145-156.

V.V. Vlasov. Asymptotic Behavior and Stability of the Solutions of Functional Differential
Equations in Hilbert Space. Nonlinear Dynamics and Systems Theory 2 (2) (2002) 215-232.

Firman, S. Toaha and M. Nur. Asymptotic Stability of Some Class of Affine Nonlinear
Control Systems through Partial Feedback Linearization. Nonlinear Dynamics and Systems
Theory 21 (3) (2021) 238-245.

H. F. Hou, H.M. Jiang and X.Y. Meng. A Dynamic Model for Fishery Resource with Reserve
Area and Taxation. Journal of Applied Mathematics 2012 (2012) 794719:1-794719:15.

L. Yunfei, R. Yuang and Y. Pei. A Prey-Predator Model with Harvesting for Fishery Re-
source with Reserve Area. Applied Mathematical Modelling 37 (5) (2013) 3048-3062.

M. N. Srinivas, M.A.S. Srinivas, K. Das and N.H. Gazi. Prey-Predator Fishery Model with
Stage Structure in Two Patchy Marine Aquatic Environment. Applied Mathematics (2)
(2011) 1405—1416.

T. K. Kar. A Dynamic Reaction Model of a Prey-Predator System with Stage-Structure
for Predator. Modern Applied Science 4 (5) (2010) 183—195.

R. P. Gupta, M. Banerje and P. Chandra. Bifurcation Analysis and Control of Leslie-Gower
Predator-Prey Model with Michaelis-Menten Type Prey-Harvesting. Journal Differential
Equations and Dynamical Systems 22 (3) (2012) 339—366.

Y. Qu and J. Wei. Bifurcation Analysis in a Predator-Prey System with Stage Stucture
and Harvesting. Journal of Franklin Institute 347 (7) (2010) 1096—1113.

K. Chakraborty, M. Chakraborty and T. K. Kar. Optimal Control of Harvest and Bifurca-
tion of Prey-Predator Model with Stage Structure. Applied Mathematics and Computation
217 (2011) 8778—8792.

K. Chakraborty, S. Jana and T. K. Kar. Global Dynamics and Bifurcation in a Stage
Structured Prey-Predator Fishery Model with Harvesting. Applied Mathematics and Com-
putation 218 (5) (2012) 9271—9290.

G. M. V. Laksmi, M. Gunasekaran and S. Vijaya. Bifurcation Analysis of Predator Model
with Harvested Predator. International Journal of Engineering Research and Development
10 (6). (2014) 42-51.

S. Toaha, J. Kusuma, Khaeruddin and Mawardi. Stability Analysis and Optimal Harvesting
Policy of Prey-Predator Model with Stage Structure for Predator. Applied Mathematical
Sciences 8 (159) (2014) 7923-7934.

L. E. Keshet. Mathematical Models in Biology. SIAM, Philadelphia, 2005.

L. Chen and F. Chen. Global Stability of Leslie-Gower Predator-Prey Model with Feedback
Controls. Applied Mathematics Letter 22 (9) (2009) 1330-1334.

D. Grass, J. P. Caulkins, G. Feichtinger, G. Tragler and D.A. Behrens. Optimal Control of
Nonlinear Processes. Springer-Verlag, Berlin Heidelberg, 2003.




Global Stability and Optimal Harvesting of Predator-Prey

Model with Holling Response Function of Type Il and
Harvesting in Free Area of Capture

ORIGINALITY REPORT

13. 2. 116 2

SIMILARITY INDEX INTERNET SOURCES PUBLICATIONS STUDENT PAPERS

PRIMARY SOURCES

S Toaha, M | Azis. "Stability and Optimal
Harvesting of Modified Leslie-Gower
Predator-Prey Model", Journal of Physics:
Conference Series, 2018

Publication

2%

Syamsuddin Toaha, Jeffry Kusuma,
Khaeruddin, Mawardi Bahri. "Stability analysis
and optimal harvesting policy of prey-
predator model with stage structure for
predator"”, Applied Mathematical Sciences,
2014

Publication

(K

e

jopscience.iop.org

Internet Source

1o

-~

hdl.handle.net

Internet Source

(K

o

WWW.SCipress.com

Internet Source

T




Submitted to VIT University

Student Paper

T

Hunki Baek. "Extinction and Permanence of a
Three-Species Lotka-Volterra System with
Impulsive Control Strategies", Discrete
Dynamics in Nature and Society, 2008

Publication

(K

KUNAL CHAKRABORTY, SAMADYUTI HALDAR,
T. K. KAR. "ECOLOGICAL SUSTAINABILITY OF
AN OPTIMAL CONTROLLED SYSTEM
INCORPORATING PARTIAL CLOSURE FOR THE
POPULATIONS", Journal of Biological Systems,
2015

Publication

<1%

ljnao.um.ac.ir

Internet Source

<1%

—
o

Mohammed Y. Dawed, Kiros G. Kebedow.
"Coexistence and harvesting optimal policy in
three species food chain model with general
Holling type functional response", Natural
Resource Modeling, 2021

Publication

<1%

D Didiharyono, S Toaha, ] Kusuma, Kasbawati.
"Stability analysis of two predators and one
prey population model with harvesting in
fisheries management”, IOP Conference
Series: Earth and Environmental Science, 2021

Publication

<1%



Submitted to Universitas Diponegoro

Student Paper p g <1 %

X. Z. He, K. Gopalsamy. "Persistence, stability <1 y
and level crossings in an integrodifferential °
system", Journal of Mathematical Biology,
1994
Publication
L. Rigal, L. Truffet. "A new genetic algorithm

o . . <l%
specifically based on mutation and selection”,
Advances in Applied Probability, 2016
Publication

NeL.Jmann,. G.F..."Evoluti.onary classification of <'I o
toxin mediated interactions in
microorganisms", BioSystems, 201003
Publication

Stephen Baigent. "Geometry of carrying <1 o
simplices of 3-species competitive Lotka- ’
Volterra systems", Nonlinearity, 2013
Publication

SubmitFed to University Tun Hussein Onn <1 o
Malaysia
Student Paper

Weissing, Franz J.. "Evolutionary Stability and <'] o

Dynamic Stability in a Class of Evolutionary
Normal Form Games", Game Equilibrium
Models I, 1991.

Publication




docplayer.net
InternEt)Sog/rce <1 0%
Magnus F Ivarsen, Yaqi Jin, Andres Spicher, <'I y
Lasse B N Clausen. " Direct Evidence for the ’
Dissipation of Small - Scale lonospheric
Plasma Structures by a Conductive Region ",
Journal of Geophysical Research: Space
Physics, 2019
Publication
Mahmud Ibrahim. "Optimal harvesting of a <1 o
predator-prey system with marine reserve", ’
Scientific African, 2021
Publication
Submitted to University of Mauritius
Student Paper y <1 %
t.scribd.com
IFr?ternetSource <1 %
repository.nwu.ac.za
InteE]etSourcey <1 %
Azmy S. Ackleh, Amy Veprauskas. "Modeling <1 o
the invasion and establishment of a tick- ’
borne pathogen", Ecological Modelling, 2022
Publication
Carl Veller, Vinesh Rajpaul. "Purely <1 o

competitive evolutionary dynamics for
games", Physical Review E, 2012

Publication




Yunfei Lv, Rong Yuan, Yongzhen Pei. "A prey-
27 , | . <l%
predator model with harvesting for fishery
resource with reserve area", Applied
Mathematical Modelling, 2013
Publication
Zhang, Huayong, Tousheng Huang, and <1 y
Liming Dai. "Nonlinear dynamic analysis and ’
characteristics diagnosis of seasonally
perturbed predator-prey systems",
Communications in Nonlinear Science and
Numerical Simulation, 2015.
Publication
ure.uvt.nl
IEternetSource <1 %
Dasarathy, Belur V.. "Bistate Socioecological <1
o . %
Processes Exhibiting Complex Nonlinear
Behavior-An Analytical Exposition", IEEE
Transactions on Systems Man and
Cybernetics, 1976.
Publication
Lirong Huang, Donghan Cai, Weiyi Liu. <1 %

"Optimal tax policy of a one - predator-two -
prey system with a marine protected area",
Mathematical Methods in the Applied
Sciences, 2021

Publication




Xia Liu, Yanwei Liu, Qiaoping Li. "Multiple <1 o
Bifurcations and Chaos in a Discrete Prey- ’
Predator System with Generalized Holling 111
Functional Response", Discrete Dynamics in
Nature and Society, 2015
Publication

Yue Zhang, Qingling Zhang. "Stability and <'] o
Bifurcation Analysis of a Singular Delayed
Predator-Prey Bioeconomic Model with
Stochastic Fluctuations", Mathematical
Problems in Engineering, 2014
Publication

"Difference Equations, Discrete Dynamical <1 o
Systems and Applications", Springer Science ’
and Business Media LLC, 2019
Publication

Olga Vasilyeva, Frithjof Lutscher. "Competition <1 o
of three species in an advective environment", ’
Nonlinear Analysis: Real World Applications,

2012
Publication
Stuart Nattrass, Stephen Baigent, David J. <1 o

Murrell. "Quantifying the Likelihood of Co-
existence for Communities with Asymmetric
Competition", Bulletin of Mathematical
Biology, 2012

Publication




Exclude quotes On Exclude matches <5 words

Exclude bibliography On



