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Abstract

The bcha\'iorm dynamic systems in long term dynamics can be
described by th@loha] attractor. Let I” be a metric space. Then the
global attractor is a nonempty. compact, and invariant set of 4 sul:at
I” which attracts every bounded subset of I". This paper analyzes the
tence of global attractor in the Lorenz system. At the initial stage,
we prove the solutions of the Lorenz system bounded for ¢

approaching infinity. Afterwards, we take bounded sets B; of B(0, R)
and choose an open set B(0, p) in norm space containing the bounded
solutions. We then operate a strongly continuous semigroup {T'(f)} to
any bounded set B as well as to the set B(0, p). The result of this
operation will be identified as an attractor if and only if any a.f)’B,- is
absorbed by B(0, p). The inlcrﬁlion of the closure union 7'(1)5 is

aed the w-limit set of B. If the o-limit set is a compact attractor, then
e

xistence of global attractor for the Lorenz system is proved.
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1. Introduction

Most of problems in dynamical systems arising from mathematical
physics are generated by partial differential equations and semigroup in
pafinite dimensional space. In this paper, we consider the Lorenz system
originallymscribed by partial differential equations and simplified to three

nonlinear differential equations

ﬁ——cr;c+o'

dr Y

&

dt_m V- xz,

dz

E——bz+xy, (1.1

where x represents the velocity, y and z the temperature of the fluid and 7, &,
b are the positive parameters determined by the heating of the fluid, the
physical properties of the fluid and the height of the layer, respectively. The
peculiar result of the Lorenz S}Ems is that they produce deterministic
chaos. It 1s chaotic because even small changes in the initial conditions can
lead to very different behﬂ'or over long time period [4, 5]. Since Edward N.
Lorenz discovered the Lorenz attractor (also known as the butterfly
attractor), great achievements have been made in the area of nonlinear

systems.
1

The fundamental properties of chaotic systems are such that the existence
of the global attractor pla)ml very important role in further research on
chaos. The global attractor 1s a compact, invariant set which absorbs every
bounded set in the system. This concept camlescribe the asymptotic
behaviors of dynamical systems, [6,g8-10]. By using the generalized
Lyapunov function, a simple proof of the globally attractive and positive
invariant set of the Lorenz system with ultimate bound has been reported in
[2. 3, 11]. Based on the concept of compactness called w-/imit compact in a
amigroup as in Yu and Liao [11], Ma et al. [7], we show in this paper that

there exists a global attractor for a strongly continuous semigroup C 0 to the
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4
equations system (1.1), if and only if

(1) there is an absorbing set, and

(2) the semigroup is o-limit compact.
1
Firstly, we need to introduce some notations and definitions. Let X =

(x. y, ﬁnd Qc R? bea compact (bounded and closed) set containing the

origin. It 1s known that (1.1) has a mque bounded solution, [2, 3. 9]. This
allows us to define the semigroup of operators.

Det‘miﬁoﬂ.l. Let I” be a metric space. The dynamical system in 17 is
described by a family of operators {7(¢)} of maps I into itself. The family is
calleda C° semigroup if it satisfies

() 7'(0) = 1. identity in 1,

Gi) Tt + ) = T()T(s),

(iii) the function 7'(f)x from [0, =) x I” to }”is continuous at each point
(. x) e [0, 0) x .

A is an invariant set for semigroup {7'(¢)} if

T(t)Ad=Afort =0

Lemma 1.1. If {T'(¢)} is a compact C° semigroup on metric space V,
then

VBV, Vi, >t >0, | T(t)B

.fe['cl,'cg]
is bounded in 1",

Definition 1.2. Let B be a subset of " and U be an open subset
containing B. Then B is said to be absorbed in the set U if the orbit of each
limited subset of U in B after certain conditions:

(1) for every By < U, B, is bounded,
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(11) there exists Ig, such that

T()By = B, Vizty.

B can also to be absorbed in all finite subsets of I
Definition 1.3. Let B|, B, be two subsets of I”. Then we say that B, is
{T(t)}-attracted by By if
d(T(t)By, B)) > 0 as t &> o foreach 1 =2 0

and

d(T(I)BZ> Bl) = sup mf dfsfr'(bl, bz)
byeT (1) By DIEB
16

Corollary 1.1. Let {T(t)} be a C g semigroup on a met%space I If
{T(t)} is strongly continous and asymptotically smooth on V', and the set

Uros
=0
is bounded for some number t >0, then the semigroup {T(I)} is compact in .
Deﬁiﬁon 1.4. Let 1" be a norm space. For any B c J7, positive orbit
y*(B) can be defined as

y*(B) = U T(1)B.

1=0

Definition 1.5. Let I"be a norm space. Let B < I”. Then o-limit set of B

o(B) = (el JT()B
520 r=s
with orbit y*(B) = U;5o7(¢)B. and cljr Usss T(t)B is the closure of set
Ups, T()B in V.

is
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Remark. {7'(r)} is a completely continuous semigroup for ¢ >din the

sense of Hale [1], which means the semigroup m:ompacl for each bounded
set B < 17 and each number © > 0 the set U,c[g, <)7(#) B is bounded in 7"

The following assumptions are well known in [9].
31

Assumption A, If fo&T", then there exist an absorbing set in 17, a
a‘lstant po. and time #; (| u(0) |) such that for the solution to u(¢) = 7'(¢)u(0)

we have for every t = £, (l u(0))).
2
I (llI(O)D = max| — Lln & 0
’ V7 2,
V| u(0)|

1 M| 2(0) 2
to( u(0) ) = z—x.‘“%'

with

2. Main Results

In this section, the existence of the global altra@r AcR? (Q) for the
problem (1.1) is proved under Assumption A. The main result is the
following:

Theorem 2.1. Let norm space 1 =R ﬁd {T()} be a strongly
continuous semigroup. Under Assumption H there exists an open set B
bounded in B, such that B is absorbed in U, then the o-limit set A = o(B) in

B is a compact attractor and A is g.’obaﬁ attractor in U.

Proof. Let IV =R, u= (x, . z). To show that the solution u =
(x, y. z) of (1.1) remains bounded at 1 — oc and there is an absorbing set in
I”, we multiply equation (1.1) sequentially with x, y and z, thus obtaining

dx 2 _
xa +ox° —oxy =0, 2.1
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y%+cxy+y2 +32=0, 2.2)
dz 2
-+ bz® - xyz = —-zb(r + o). (2.3)

Summing equations (2.1), (2.2) and (2.3), then differentiating and integrating
both sides, we obtain:

1d

ZdI(x +y? +22) v ox? + % + b2? = —zb(r +5). 2.4

Based on the square of the absolute value, (2.4) becomes

|ul? +ox? + y? + bz? = —zb(r + o). (2.5

b | —
S

From Young’s inequality with e = 2(b —1), n = —z, m = b(r + ), and p =

g = 2, the right side of the above equation becomes

2
e < (h _ )52 b , 2
zh(r+o)<(b-1)z° + oD (r+o). (2.6)
Thus. 1t follows from (2.5) and (2.6) that
18 |u| +ox? +y +bz? 4(b—1) b’ (r + o)
2dt 4(b -1)

If / = min(1, &), then we have

Zdrlul +i(1}x +y +z) £ (r+c)

which 1s equivalent to

B

2dt
(3] .
d, 2 2 b 2
E|u| +24’|u| ﬁm(r+6).

b2

T )(r +0)2,

|uf? +uf? <
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Computing the differential equations respect to # gives the following:

a0 d 2 2812 b?
e d{|u| + 2le”" | u| SZ(E)—])

5

(r+ 0)2 P

d b2
E(ez*’wuﬁ)g—_—l(rm

2 20
206 -1) ye™,

2

2t 2 b
e < g5y

(r+o)?e? +C,

2
|u(t)]? < b—(r + o) +Ce™ 2,

41(b-1)
Taking constant C = | u(0) > = L(JP' +5)?, we have
8 B HE-1) ’

U 2
lu(e) | < %(r +o) + [| u(0)* - h(, +o)? |2,

b2

N2 -2t
4‘!,(5_1)(1 +o) (1-e ") 2.7

|u(e) P < | u(©@) e +

Since o, b, r > 0 and / = min(l, 6), inequality (2.7) becomes

b

=t
|u(t)| < [u(0)]e +m

(r+o)(1-e"). 2.8)

Taking the limit as £ — oo, from both terms of the inequality (2.8), yields

Jnspsgl=Tlm S“P[l u(0) e + ?ﬁ_:u (r+o)(1-e" )}

) 5 ,_” 5 b i
,ll;n;lc sup| u(t) | < ,lﬂl; sup(| u(0)|e™") + rliil;lo .‘;up[i2 ) (r + c)]

- lim sup

lim {2 A (r+c)e"”}
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: b
| 1)| € —=—=(r+0). 29
Jim sup|(1)] 2@—“’6) (2.9)
Equation (2.9) is equivalent to
lim sup| u(z)| < py. with py = L(r +0). (2.10)

e )

This proves that the solution of Lorenz system in (1.1) remains bounded as

f— w.
25
Next, we show the existence of the absorbing set. Consider equation

(2.6) and Assumption A that

to(u(0)]) = max[%ln[w} 0].

Here we already assumed that

2 b? (r+ 0)2
PO =" -1)

so that £y(| w(0)|) is equivalent to

2
to( u(0)]) = max[%ln[w], o],

Po

2
Let us choose #, (| u(0)|) = %ln{lu(Lz)l] with p3 < |u(0)|* and R large
Po

enough so that it encloses the ball By = B(0, p) which contains bounded
sets B; such that

n

s = BO. B) @.11)

i=1

with radius p > pg. pg = L(r + o).
2J1(b - 1)
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Equation (2.11) proves that there exists an absorbing set B, in R3.

Finally, we show that the o-limit set is compact. From (2.9), we have
that all sets in B(0, R) are bounded, thus the union of that sets still contains

in B(0, R), such that

093,. < B0, R).

i=1
This allows us to define the semigroup of operators {7'(¢)} on bounded sets
B; as follows:
@)= |J 103,
121y(] u(0)|)

Then we take the closure of each orbit based on Definition 1.5. It follows that

the o-limit set is equivalent to

g rom o Y ron| - U ron.
12t(| (0) ) 12t(| u(0) ) 121y (| u(0) )
with (Uzzgy( u(oy ) 7'(1)B;) being the limit point of Uysy, (| u(e) [y 7'(1)B;.

Since B; exist in the normed space I, from Corollary 1.1, we have that

the set
n
d, |J ros 2.12)
rzty(| u(0)])
1s closed.
From Definition 1.5, we have

oB=@() < U 1083
toll w(0))=0  r=a(| ul0)|)

withi=1 2, ... n
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From (2.11) anﬁZ.lZL o(B) is closed. Thus, ®(B) 1s bounded and

hence conclude that o(B) is compact.

To prove that o(B) attracts B;, we take supremum m; € 7'(¢)B; and
infimum » € ®(B) such that

d(T()B, o(B)) = sup inf d(m;, n).
m;eT (1) B neo(B)

Then
d(T(0)B;, ®(B)) = 0 as t — +oo.

Based on Definition 1.3 we prove that @(B) is a compact attractor which

attracts all

n

UB,- < B(0, R).

i=l1

So the existence of global attractor in the Lorenz system is proved. O
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