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Abstract. This paper analyses the existence of global attractor in infinite dimensional system
using flattening property. The earlier stage we show the existence of the global attractor in
complete metric space by using concept of the w-limit compact concept with measure of non-
compactness methods. Then we show that the w-limit compact concept is equivalent with the
flattening property in Banach space. If we can prove there exist an absorbing set in the system
and the flattening property holds, then the global attractor exist in the system.

1. Introduction
Today many of the physical problems in infinite dimensional system can be represented in
mathematical models studied in a strongly continuous semigroup, C° semigroups, i.c. the operator
family {S;} that maps a metric space M to itself and satisfies the properties [1, 2]:

1). S(p) is the identity map on M,

2).S(tys5) = Sy o Ss forall t,s =0,

3). the function

S5:[0,00)x M > M
(t,x) » Se(x) EM
continous at each point (£, x) € [0,00) X M.

%e long time dynamics of an infinite dimensional sy can be described by the global attractor.
Global attractors is the set of connected, compact, and invariant set which attracts all bounded set [2,
3]. Normally, the existence of the global attractor can be proved by showing that:

1). the absorbing set exist in the system, and

2). the semigroup of the system is compact uniform.
Unfortunately, it is very difficult to show that the semigrup is uniformly compact in many problems.
Thus in [3], it is given conditions which can casily proven by using the measure of non-
compactness (MNC) called w-limit compact. The existence of the global attractor for a C°
semigroup can be proved if and only if:

1). the absorbing set exist in the system, and

2). the semigroup is w-limit compact.

guteut from this work may be used under the terms of the Creative Commons Anributiougi licence. Any further distribution
5
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The use of the MNC concept as well, is used by [3] to show the w-limit compact of a C° semigroup in
a convex Banach space X. It is shown to be equivalent with the condition known as flattening
property. In [4], flattening property is defined aff)
Let S¢: X — X be a semigroup, and B be any bounded set of X. Then for any € > 0, there exist
t(B) > 0 and a finite dimensional subspace X, of X, such that (F’)(Ut;_.tB St(B)) is bounded in X
and

- Js® |croo forezem,
t=tg

where P: X — X, is a bounded projection, and 1: X = X .
Furthermore, from the paper [2] the authors provide that the existence of a global attractors can be
proved by showing that

1). the absorbing set exist in the system, and

2). the flattening property holds.
From that explanation, we are interested to re-examine the concept in detail to show the existence of a
global attractor by using the measure of non-compactness property. The assessment was carried out in
this paper.

2. Measure of N@&-compactness (MNC)
Some concepts of measure of non-compactness and its basic property will be given in this section, (see
[4])-
Definition 2.1 Let M be a complete metric space and B be a bounded subset of M. The measure of
non-compactness y (B) of B is defined by

y(B) = inf {§ > 0|B admits a finite cover by sets of diameter < §}.

IBimma 2.1 Let M be a complete metric space and B be a bounded subset of M. A mapping y: B —
|0,00) is called measure of noncompactness of M if it satisfies the following property i.e. for every
Q.Q1,Q: €B B

Ay (Q) = 0 if and only if Q compact

2).y@=v(®

3). ¥ (Q1 U Q2) =83 {¥(Q1), ¥(Q2)}

4).y(Q:1 + Q2) = ¥(Q) +v(Q2)
B 5).v(@Q1) = y(Q2), whenever @y € Q3.
5
Lemma 2.2 Let X be a Banach space and y be the measure of non-compactness, B(0,&) is a open
ball of radius € then y(B(0, £)) = 2&.

Lemma 2.3 Let M be a complete metric space and y be the measure of non-compactness. Assume
that (F,) is a sequence of bounded and closed subset of M, and satisfying

).E, 0

2). FEBc K, n=12, ..

3).y(E) - 0,asn - o
Then F = Ny=+1(F,) is nonempty compact set.

4

Definition 2.2 Let X be a convex Banach space. For any bounded set B of X, §;: X — X and for g}y
€ > 0, there exists t(B) > 0 and a finite dimensional subspace X; of X, such that (P)(Utats St(B)) is
bounded in X and
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(I-P) Ust(ﬁ) cB(0,e) fort>t(B),
t=tp

where P: X — X, is a bounded projection, and I: X — X.

3. The Concept of Global Attractor

In this section, we will provide some definitions from global attractors in dynamic systems related to
our paper, ([1, 4, 5]) (6]

Definition 3.1 Let {S;};»o be E)C° semigroup in a complete metric space M. A subset B, of M is
called an absorbing set in M if for any bounded subset B of M, there exists some t; = 0 such that
S5;Bc By forallt = ¢t,.

Definition 3.2 For any subset W;, W, in complete metric space M, the subset W, is called absorbs W,
under {S,} if there exists a number t; = 0 such that S,W, c W,, forall t > ¢;.

Notice that W, attracts W, if and onlgﬁeach open neighborhood Ny, of W, in M absorbs W,.

Definition 3.3 Lef3{S;}»0 be a C° semigroup in a complete metric space M, the semigroup is called
w-limit compact if for every bounded subset B of M and for any £ > 0, there exists a t; > 0 such that

¥ Ust(s) <e

tzt,
Definition 3.4 Let M be a metric space. A subset A € M is called global attractor if A is attractor
compact that attracts all bounded sets of M.

Lemma 3.1  Let Uysyy Si(B) is bounded, then Uysy S¢(B) is bounded.

Let {8:}ts0 be a C° semigroup in a metric space M. If S, is w-limit compact, then A = w(B) is
compact set.

Lemma 3.2 Let {S¢}ixo be a C° semigroup in a metric space M. Then A = w(B) is an invariant
positive, i.e. SpA € A.

Lemma 3.3 Let {S;}i20 be a C° semigroup in a metric space M, and A = w(B) is compact set. Then
A is an invariant negative, i.e. 5;A O A.

Lemma 3.4  Let {5,};20 bea C° semigroup in a metric space M. If there exists a bounded absorbing
subset B of M, then A = w(B) attracts B of M.

4. Main Result
In this section, firstly we recall some basic lemmas in [3, 5], secondly we show the existence of global
attractor by concept w-limit compact with measure of noncompactness methods in a metric space
complete. Then we show that concept w-limit compact equivalent with the flattening property in
Banach space.
Theorem 4.1 Let {S;}:x0 e a C° semigroup in a complete metric space M. Assume that

1). EFhis w —limit compact,

2). there exists a bounded absorbing subset B of M.
Then the w —limit set of B, A = w(B) is compact attractor which attracts all bounded subsets of M.
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Proaf:
In proving that <A = w(B) is compact attractor, firstly we show that -4 is compact and <A attractor.
From Lemma 3.2, we prove that <4 is compact. To show that A attractor, as well as showing A
invariant set and A4 attracts B of M. A invariant set, it is shown that <4 is invariant positive and A is
invariant negative. From Lemma 3.3 and Lemma 3.4, it can be concluded that <4 is invariant.
Furthermore, we will show that <A attract B of M.
Since there exists a bounded subset B of M. From Definition 3.2, we get that <A attracts B of M.
Beffies that, we can show that <4 attracts B of M by using contradictions like Lemma 3.4. Thus, A =
w(B) is a compact attractor that attracts all bounded.subsets inM.
2
Theorem 4.2 Let {S.}¢2o be a C° semigroup in a complete metric space M. Then S, has a global
attractor A in M if and only if
D). {S;:}ts0 is w —limit compact, and
2). there is a bounded absorbing set B < M.
Proof:
=) From Theorem 4.1 we have proved that <4 is a compact attractor. Referring to Definition 3.4, A
is a global attractor.
(=) Now we will prove the opposite. Since <A is a global attractor, then <A attractor and A4 compact
(see Definition 3.4). So that the neighborhood NV, (A) is absorbing set. According to the Definition 3.4
N (A) absorbs all bounded sets B of M. Next we will prove that the w —limit compact.
Since B is bounded set, then Uz, g S¢(B) is bounded for ¢.(B) = 0, and for any t = t.(B).
Since N.(cA) is the absorbing set then
U S,(B) € N.(A).
t=t.B

For £ > 0 take i > 0, such that

U 5:(B) € Ne(A).

tzt,B
From Lemma 2.2, we have

y U S(B) | <y (N;(A)).
t=t.B ¢
To show that the semigroup is compact, then it is the same as we show that

y U S¢(B) | =y (Ng(cfl)) <e
t>T.R 4
Since A is compact, there exists a finite number of elements x4, x4, ..., X, € M such that

A C EJN (xIZ)

i=1
On the other hand, for every y; € Ny (A),j = 1,2, ...,k then y; € Uj_; N'(x;, &), i = 1,2, ...,n with
¥j,x; € M,and &5 = &;. So that

Ne(A) € [-uN (xlg)
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Which implies that

¥ U S.(B) | <y (Ng(:/l]) <e.
t=l.B 4
Therefore, V(Ut:_-tEB St (B)) < & has a semigroup which is @ —limit compact.
1)
Theorem 4.3 Let X be a Banach space and {S;}1=o be a C° semigroup in X. Then {S;};2¢ is w —limit
compact if and only if flattening property holds true.

Proof. (<) From Definition 3.3, we know that to show {S;};=¢ is w —limit compact equal to
indicating that for any bounded absorbing sets B in X, and for every £ > 0 there exists tg > 0 such

that
¥ USt(B) <e
tztp
Note that
(@) =r[e+ri-n|]s®
tztg tztg
=yl P US‘(B) +U-P) Ust(B) . (1)
tztp tztp

From Definition 2.2, (P)(UtztBSt(B)) is bounded, and we get (P)(UtZtBSt(B)) bounded (see
Lemma 3.1).
From closure definition [6], we have

s = s v | s®

tatg taty tztp
In other word,

| Js@® | < | s

tztg tztg
From the theorem of the close set on [6], it is found that Uz, S (B) closed and @)(UtatBSt(B))
also closed. So we can conclude that (p)(U t=ty St (B)) is compact.
From Lemma 2.2 (1), we have

o Js® ] )|=0.

tztp

From the conclusion of Lemma 2.2, Definition 2.2, and (1), we have

r(Js® ) =r{r([Js® |+a-p ([ ]s®

tztg tz=tp tztp
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<ylpP US:(B) +y| U-P) USt(B)

tztp tztp

<0+y(B(0,9) = 2e.
Therefore, S is w —limit compact.

(=) Since S5 is @ —limit compact, then for any bounded absorbing sets B in X, and for every £ > 0
there exists tg > 0 such that

€
¥ U S5i(B) | < >
tzt, B
Let A, A3, ..., Ay be subset of A with diameter less than ; such that

Let x; € A;, and diameter less than & then

U S:(B) c EJN(x{-,s).
t=t.B i=1

Since X is uniformly convex BanacHBpace. and let X; = span{x,, ..., x,}. there exists a projection
P:X — X, such that dist(x, Px) = ||(I — P)x|| = dist(x, X,). for any x € X. Hence,

a-n| ) s®)croo. @
tzt B
Since B is bounded, then Uz g S¢(B) is bounded in X (see theorem of close set on [6]). Hence the
following equation is bound in X.

@ Js® ) G
t>1 B
From (2) and (3), Definition 2.2 is met. Namely flattening property holds true. m

The@md.d Let {S:}=0 be a C° semigroup in a Banach space X. If the following conditions
1). There exist a bounded absorbing set B < X, and
2). {S¢ } =0 satisfies the flattening property
hold true, then there is a global attractor for {S¢} =g in X.
Proaf:
Using Theorem 4.3, it has been showfthat {S,},., meets the flattening property. In addition, referring
to Theorem 4.2 we can conclud@f@at there is a bounded absorbing set B < X. Therefore the conditions

in Theorem 4.4 have been met. The existence of a global attractor for {S;}¢.o In X is guaranteed to be
true.
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