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Abstract. In this paper, we show that C...; % B, and (C,,., « B, )+ F, is harmonious for
¢= 1, and niseven.

? Introduction
In general, a graph is a diagram that contains information that is interpreted appropriately. In everyday
life, graphs are used for various views of existing structures. The aim is to visualize the relationship
between objects to make them easier to understand. Some examples of graphs that are often found in
evdffday life include organizational structures, course charts, maps, electrical circuits, ete

graph G is a set of pairs (V, E) written with notation G = (V, E), with V is a non-empty and finite
set of objects called vertices and E is a set (maybe empty) pair not sorted from different points in V
w are called edges

labeling (or valuation) of a graph is a map that carries graph elements to numbers (usually to the
positive or non-negative integers). The most common choices of d

omain are the set of all vertices and edges (such labelings are called total labelings), the vertex-set
alone (vertez-labelings), or the edge-set alone (edge-labelings). Other domains are possible.

A mapping A :V = Z|g where Zg is the set of modulo integers |E| called harmonious labeling if
2 is a map so that when each edge of xy is labeled w{xy) (x) + A(¥)(mod |E]) produces a label
on a different edge, in this case w{xy) € {0,1,...,|E| —1}. A graph that has harmonious labeling is
called a Harmonious Graph.

Based on the writings of Joseph A. Gallian (2018) with the title A Dynamic Survey of Graph
Labeling, studies on harmonious labeling on various types of graphs have been conducted. One
interesting harmonious labeling according to the author is harmonious labeling on the prism graph
C,, X B,. Previogy researchers have proven that the graph C,,, X B, is a harmonious graph in various
cases, includinggraham and Sloane (1980) proving that C,, X F, is a harmonious graph for n odd
numbers, then Gallian A. Joseph, Prout I., and Winters S. (1992) proved that C,,; X ¥, is a harmonious
graph for n = 2 and m # 4. Furthermore D. Jungreis and M. Reid (1992) prove that C,; X F, is a
harmonious graph for m = 4 and n = 3. By referring to the previous research, the author intends to
examine the harmonious labeling of the prism graph C,,, X B, with the condition m is an odd number.

gm.em from this work may be used under the terms of the Creative Commons Am'ibutiougi licence. Any further distribution
— of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOL
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2. Main Result of Harmonious Labeling on Prisms Graph

Before labeling the prism graph, a theorem from the previous researcher will given about harmonious
labeling on a ladder graph follows
Theorem 2.1 Ladder graph L, for n = 2 is a harmonious graph

L.+ (@ = 1) is harmonious: label one path 0, a+1, 1, a+2, 2, a+3,...,a-1, 2a, a, and the other

3a+ 1, 2a+1, 3a+2, 2a+2, ....4a.3a.4a+1 (Figure 2.1). L, is harmonious: label the paths 0. 5, 1, 9

and 2, 6, 3, 4 (Figure 2.2). Finally Figure 2.3 shows a harmonious labeling of L:ﬂ forg = 3. B
0 a+l atl  g+2 1 a+3  ar2 a+d 2 2a a+l
3a+1 3a+2 3a+3| 3a+d 3a+5 Ba) 5a+1
S5a+2 Sa+3 Sa+d S5a¢5 | a
3a+1 2a+1 3a+2 2a+2 3a+3 3a 4a+1
mod 6a+1
Figure 2.1 Lo .y (@ = 1]
0 5 1
2 6 3 4
mod 13
Figure 2.2 L, (a = 1)
5a-3 a2 2a1 a 531 5a1 D a+1 a+l a+2 a+3 a+2 a+4 2 ~ 2a+2 a+3 a2
3a-2 5a-3 5a-2 3a 3a+1 3a+2 3a+3 3a+4| 5a-5 5a-4
a-1 3a-3 3a-1 5a Sa+1 S5a+2 Sa+3 | a-3
4a-1 3a-2 6a-3 3a 2a 3a+1 2a+1 3a+2 3a-3 4a-2
mod Ga-2

Figure 2.2 L,_(a =3)
Graham and Sloane (1980) write that by connecting the starting points and end points on the date

graph Lzﬂ_”_ be a harmonious labeling on the graph €5, ., X P,. and with the same labeling pattern
can be proceed to a harmonious labeling on the prism graph €, X B

Theorem 2.1 Prism graph Csp+9 % B, is harmonious for a = 1,n is even
Proof.
Let

A={01.,a-1a}U{20+12e+2,..,3a,3a+1}U{da+2,4a +3,..,5a + 2} U ..
ufzn—t1tla+(n—-1),2n—Va+(n—1)+1,..,2n—a+n—-1)}

B={2a+12c+2,..,3a3a+1}U{6a+3,6a+4..,7a+3:U{8a+48a+5,.. ,9%a+4}
va.ul2in—la+n-2n-a+n—-1+1,.. 2Cn—Da+m-1)}
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Consider C,,5y X B. with the vertex set {vg,vy, V2, ., Vonasn—1)- Let G be the graph

Cogiq X By Then |V(G)| = 2na+nand |E(G)|=g=4na+2n—2a— 1.

Let

E,=v;vj44.1 €A

i

E;=vVj1a:01. ] EA—{a,3a+ 1,50 +2,7a +3,9a + 4,...]

7 171
Ek = Vg Vit+3a+1: keEA—-B,

E| = v Visgasn

r eF-{2Zln—Vu+n—-1)2n—Vu+{n—1)+1,.., 2n—1)u+

m—1))

:

E, =t Vpy1.TEA—(BU {0,1,...,a— 1,a).

E.=v.v._,SEB.

Then the edge set of G is

E(G) ={E.E,EELEnEs|licAjeA—{a3a+1,5c+2,7a+3,9 +14, .}k €
A-Bled-2h—1a+(n-1),2n-1a+(n—1)+1, .., 2n—-1)a+
(n—1Lred—(Bu {01,..,a—1,a},s =B}

Next define the vertex labeling and edge labelling of & as follows

flv.) =x.forevery x € Z,,,4,. dan

g(l.-‘x :J_‘.) = flv,) +ff:ﬁ_‘.) mod g, for every x,¥ € Zopaan.

Itis clear that edge set labeling are distinct. Hence, the graph G is harmonious graph. [ ]

For illustration in Figure 2.1 a labeling is shown on the grid graph P,_,, x B,. If each endpoint
(ie a.4a + 1...)and base point (i.e. 0,32 + 1....) on a horizontal path are connected, it will form a

prism graph Co 1y X B,
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+1 3a+2 3a+3 3a+4 +5 5a-1 5a Sa+1

7a+2 @01 5a+2 (2;;)}. 5a+3 fo;} 5a+4 eff;j} 5a+5 \:iff*a o G{\) 7a (aa) 7a+1 E‘aa
Ta+3 Ta+d Ta+5 Ta+6 Ta+? 9a+1 9a+2 9a+3

ga+d @’2) 9a+5 (58*3 9a6 (- N\ 9as7 (N oasB [ N {”)‘ 11a+3 (631-2 11a+4 5a9
11a+5 11a+6 11a+7 11a+8 11a+9 13a+3 13a+4 13a+5

15a+6 7243 13a+6 Ga+3 13a+7 Gard 13a+8 Ga+d 13a+9 Fa+s) - - - '@'2 13a+4 7a+2 13a+5 85*}
15a+7 15a+8 15a+9 15a+10 15a+11 17a+5 17a+6 17a+7

17a+8 @ A 178400 M7a+10p N17atile. ad7a+iae N 'éﬂ} 19a+7(ma+3193+8<ga+4)

a-1 \ dna+2n-3a-2, 4na¢2n-3&-1: i p i

Figlll‘e 21 P2“+J_ X Pn

;

8-3 (zntja) 82 [ngen.d
+n-2

From the labeling construction shown in Figure 2.1 it can be seen that the set of edge graph labels
isg(e) ={ga+1..,4na +2n—2a—-2,} U {0,12,...,a — 1} where ¢ € E{G) and it can be
seen that each edge label is different so it is proven that harmonious labeling can be done on a prism
graph Cop4q X B,

Theorem 2.3 Prisms graph C,,, > %, is harmonious for m is odd and n_js even

Proof. Consider C,, x B, with the vertex set {vs,vy, Vs, ..., Vpm-1}. Let G be the graph C,, x B,.
Then |V(G)| =nmand |E(G)| =¢ =2nm—m

Let

Q; = ViViey i € Zpm —{0,m, 2m, ..., (n — U)m],

b

j

ViVjam—1. 0= j=(n—1)m,

€x = VgViizm—-1- kK =0,m,2m,....(n — 2)m,

Then edge set of G is

E(G) ={a;bjcx |i € Zpm—{0,m,2m, ...(n — 1M}, 0 < j < (n — Dm.k = O,m,2m, ...,
(n—2)m}

We define the vertex labeling and edge labelling on & as follows

flv.)=x forevery x € Z, ., and

g(vevy) =) + F(vy,)mod q . for every x.y € Z -

fori € Z,,p, —{0,m,2m, ..., (n — 1)m)}, then

9(a) = glvwy)
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= f(v) + flv;—,) modq

=(2i —1)mod q.
for 0 = j = {n — 1)m, then
Q(bj} = 9{:Vj=’j+m-1)

= f('—‘,i)‘* f['-’j+m—1} mod g

=(2j+m—1)moda
for k = 0,m,2m, ..,{(n — 2)m, then
9(ce) = glvivisom-1)

= flv )+ Fvgsom—y1) modq

=2k +2m —1) mod q.
It is clear that edge set labeling are distinct. Hence, the graph G is harmonious graph. ]
Theorem 2.2 The graph (Co..q X B,) +.(\T;I is harmonious graph for @ = 1 and n is even.
Proof. Consider (Copseq ® %) 1 P.Tp with the vertex set V{(G) = {vg, Vi, V2, weiVingsn—1}Y
{Varas2n-a-1:V(ana+ 2n-a-1+@natn)r = Viana+2n-a-D+E-1)2nasn)} and  the  edge  set
E(G) = E(C2p4q xB) U{ryvyli=(4na +2n—a—1),(4na+ 2n—a —1) + (Zna+nj,..,
4nz12n a 1)1 {p 1)(2naln) audj=01,...2naln 1}. Let G be the graph
(Caqs1 X B) +K,. Then V(G) =2na+n+p and
|E(6)] = g= (4na+2n—2a— 1) + p(2na + n).
We defi nckc vertex labeling and edge labeling
fiV—=Z,and g: E = Z where

flv)=x, for every v, € V(G)
and
glvewy,) = Flve) + 7 (v, mod g. for every v, v, € V(G)
To show that {(Co,.y % By) + I\Tp is a harmonious graph, it is sufficient to show that gisa 1-1 map.

In Theorem 2.1, a harmonious labeling on the prism graph €.+, x Fhas been shown, meaning that
each side label on the prism graph is different. So to prove that the graph (C,. ., x B,) +,I~T:J is
harmonized, it is  enough to  prove  that g(_ v; l‘j] is  different  for

i=(Mna+2n—a—1),(dna+2n—a—1)+ 2na+n) .., (4na+2n-a-1+(p-
(ina+n)andj=012..2na+n—1}

For

i=4na+2n—a—-1)4na+2n—a—-1D+2na+n)...(4na+2n-a-11+(p-
1)(2na +n)
and j—0,1,2...,2na+n — 1}, wehave
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Q(Tf“:l{:) = () +f(vj) mod q
= (i +j)modq,

s0 that
|r(. +5) i=(4na+2n—-a—-1)+{p-1)2na+n)end
1 -q, )
Q(L}l’;)=* p-a jz2na+n—a-1
|\ i+, else
1. We will shown that g{v;v;) =i +j ="+ = glvyv;) fori > &

i—i"=2na+n,

because the maximum value of jis 2na+n—1
then i’ +j' < i ifi'+j <itheni'+ ' <i+].
Sothat glvg vy ) ="+ <1 +)=glvy) then glv,v;) = g(viv;).
2. We will shown that g{ v, v, ) = alv,v,,) for
i=(dna+?n—a—1)+(p—1)Pna+ n)and
jz2na-n—a-1,

I"='I'0rj':'=j.

the maximum value of g(l.‘;r.".-} will be obtained if i = (4ne+2n—-a—1) + (,U -1)(2nc+n)

danj=Zna+n—1
that is
g(wv;)=(@na 1 2n ¢ Difp D2nain)iZnain 1) ¢
= ((4nﬂ+2n —a—-1+{(p-U2na+n)+2na+n- 1)
—(4na+ 2n—2a— 1)+ p(2na+n)
=a-—1,
the maximum value of _g( vy ;}-,} will be obtained if
i=4na+2n—a—1and j=Uthatis
g9(vpvp)=4na+2n—a—1+0=4na+2n-a—-1

So that gi:r,- lfj) < g(L-‘:-,r}-,), then it is proven that g(r:-vj) :rg(b‘;rl-"‘,-.-}‘

3. It will shown that g(l-‘,— l-’J,) = gle) where e € E(Cypey X E,) .

in Theorem 2.1 is shown the minimum value of g{e) where e £E(C,,:; X B,) is a while the

maximum value is 4n@ + 2n — a — 2. So obtained g(v; L‘j} < gle) < glvy L},}, It is proven that

(v;v;) = gle) where & € E(Ca001 X Bo).
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Because g(L‘t r‘,—) # g(t‘;:;‘j,-) for 1 >1" g(;‘; L‘}} :—*g(.r:,.r‘,,.] , and g(_r; r:)}-.—: g{e) where
e EE(Capzq ¥ B,), it can be said that each edge of the graph (C,,.q % B,) + .FTP different means that
harmonious labeling can be done on the graph so that it can be concluded that graph
(Cogs1 % By) + I\_'p 15 a harmonious graph.
=
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